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Preface

If a mathematician were asked to name the great epoch-mating
works in his science, he might well hesitate in his decision concerning
the product of the nineteenth century; he might even hesitate with
respect to the eighteenth century ; but as to the product of the sixteenth
and seventeenth centuries, and particularly as to the works of the
Greeks in classical times, he would probably have very definite views.
He would certainly include the works of Euclid, Archimedes, and
Apollonius among the products of the Greek civilization, while among
those which contributed to the great renaissance of mathematics in the
seventeenth century he would as certainly include La Geometrie of
Descartes and the Principia of Newton.
But it is one of the curious facts in the study of historical material

that although we have long had the works of Euclid, Archimedes,
Apollonius, and Newton in English, the epoch-making treatise of Des-
cartes has never been printed in our language, or, if so, only in some
obscure and long-since-forgotten edition. Written originally in French,
it was soon after translated into Latin by Van Schooten, and this was
long held to be sufficient for any scholars who might care to follow
the work of Descartes in the first printed treatise that ever appeared
on analytic geometry. At present it is doubtful if many mathemati-
cians read the work in Latin ; indeed, it is doubtful if many except the
French scholars consult it very often in the original language in which
it appeared. But certainly a work of this kind ought to be easily access-
ible to American and British students of the history of mathematics,
and in a language with which they are entirely familiar.

On this account, The Open Court Publishing/Company has agreed
with the translators that the work should appear in English, and with
such notes as may add to the ease with which it will be read. To this

organization the translators are indebted for the publication of the
book, a labor of love on its part as well as on theirs.

As to the translation itself, an attempt has been made to give the
meaning of the original in simple English rather than to add to the dif-

ficulty of the reader by making it a verbatim reproduction. It is

believed that the student will welcome this policy, being content to go
to the original in case a stricter translation is needed. One of the
translators having used chiefly the Latin edition of Van Schooten, and
the other the original French edition, it is believed that the meaning
which Descartes had in mind has been adequately preserved.
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The Geometry of Rene Descartes

BOOK I

Problems the Construction of Which Requires Only Straight

Lines and Circles

ANY problem in geometry can easily be reduced to such terms that

.a knowledge of the lengths of certain straight lines is sufficient

for its construction.
111

Just as arithmetic consists of only four or five

operations, namely, addition, subtraction, multiplication, division and the

extraction of roots, which may be considered a kind of division, so in

geometry, to find required lines it is merely necessary to add or subtract

other lines ; or else, taking one line which I shall call unity in order to

relate it as closely as possible to numbers,M and which can in general be

chosen arbitrarily, and having given two other lines, to find a fourth

line which shall be to one of the given lines as the other is to unity

(which is the same as multiplication) ; or, again, to find a fourth line

which is to one of the given lines as unity is to the other (which is

equivalent to division) ; or, finally, to find one, two, or several mean
proportionals between unity and some other line (which is the same

pl Large collections of problems of this nature are contained in the following
works: Vincenzo Riccati and Girolamo Saladino, Institutions Analyticae, Bologna,
1765; Maria Gaetana Agnesi, Istitusioni Analitiche, Milan, 1748; Claude Rabuel,
Commentaires sur la Geometric de M. Descartes, Lyons, 1730 (hereafter referred
to as Rabuel) ; and other books of the same period or earlier.

m Van Schooten, in his Latin edition of 1683, has this note : "Per unitatem
intellige lineam quandam determinatam, qua ad quamvis reliquarum linearum talem
relationem habeat, qualem unitas ad certum aliquem numerum." Geometria a
Renatq Des Cartes, una cum notis Florimondi de Beaune, opera atque studio
Francisci d Schooten, Amsterdam, 1683, p. 165 (hereafter referred to as Van
Schooten).

In general, the translation runs page for page with the facing original. On
account of figures and footnotes, however, this plan is occasionally varied, but not
in such a way as to cause the reader any serious inconvenience.
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L1VRE PREMIER.

T>es problefmes qtfonpeut conftrmrefans

j employerque des cercles & des

Itgnes drottes+

Ous les Problefmes dc Geometrie fe

\
peuuent facileinent reduire a tels termes,

qu'il n'eft befoin par apres que de connoi-

ftre la longeur dc quelques iignes droites,

Ipoor les oonftruire.

EtcommetouterAnthmetique n'eft compofe'e, que Commcc

de quatre ou cinq operations
,
qui font FAddition , la

l

d

e
.A
c

^ul

Souftra&ion, la Multiplication , la Diuifion , & l'Extra- thm«i-

<aion des racines, qu'on peut prendre pour vne efpece
?̂%w

de Diuifion : Ainfi n'at'on autre chofe a faire en Geo- auxope-.... » i i i
cations de

metrietouchantleshgnesquoncherche, pour les pre- Geomc.

parer a eftre connues, que leur en adioufter d'autres , ou ttlc -

en ofter, Oubien en ayant vne, que le nommeray l'vnitd

pour la rapporter d'aatant mieux aux nombres , & qui

peutordinairement eftre pnfe a difcretion,puis en ayant

encore deux autres, en tcouuer vne quatriefme
,
qui fbit

ai'vne de ces deux, comrae fautre eft a IVnite', ce qui eft

lemefme que la Multiplication j oubien en trouuervne

quatriefme , qui foit a i'vne de ces deux , comme l'vnite

Pp eft
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La Multi-

plication

29% La Geometrie.
eft a l'autre, ce qui eft le mefme que la Ditiiiionj ou cnfin

trouuervne,ou deux ,on plufieurs moyennes proportion-

nelles entre Ignite', & quelque autre ligne
;
ce qui eft le

mefme que tirer la racine quarree, on cubique,&c. Et ie

ne craindray pas d'introduirc ces termes d'Arithmeti-

que en la Geometrie , affin de me rendre plus intel-

ligibile.

Soit par exemple

ABl'vnite*, &qu'il fail-

le multiplier BD par

B C, ie n'ay qu'aioindre

les poinsA & C, puis ti-

rer DE paraliele aC A,

& BE eft leproduitde
D A

cete Multiplication.

Oubiens'il faut diuifer BE par BD, ayant ioint les

poins E & D , ie tireA C paraliele a D E, & B C eft le

1>r
produitdecetediuifion.

Ou s ll taut tirer la racme

quarree de GH , ie luy ad-

ioufte en ligne droite F G,
qui eft rvnite",& diuifant FH

H en deux parties efgales au

point K, du centre K ie tire

le cercle FI H, puis efleuant du pointG vne ligne droite

iufques a I, a angles droits fur FH, c'eft GI laracine

cherchee. Ie ne dis rien icy de la racine cubique, ny des

autres,acauiequei'enparleray plus commodement cy

m apr£s.

2"J2J? Mais fouuent on n'a pas befoin de tracer ainfi ces li-

gne

La Divi

fion.

ctiondeh
lacine

quarree.



FIRST BOOK

as extracting the square root, cube root, etc., of the given line.
1*1 And

I shall not hesitate to introduce these arithmetical terms into geometry,

for the sake of greater clearness.

For example, let AB be taken as unity, and let it be required

to multiply BD by BC. I have only to join the points A and C, and

draw DE parallel to CA ; then BE is the product of BD and BC.

If it be required to divide BE by BD, I join E and D, and draw AC
parallel to DE ; then BC is the result of the division.

If the square root of GH is desired, I add, along the same

straight line, FG equal to unity ; then, bisecting FH at K, I describe

the circle FIH about K as a center, and draw from G a perpendicular

and extend it to I, and GI is the required root. I do not speak here of

cube root, or other roots, since I shall speak more conveniently of them

later.

Often it is not necessary thus to draw the lines on paper, but it is

sufficient to designate each by a single letter. Thus, to add the lines

BD and GH, I call one a and the other b, and write o -f b. Then a— b

will indicate that b is subtracted from a; ab that a is multiplied by b;

a

j that a is divided by b; aa or a2 that o is multiplied by itself ; a3 that

this result is multiplied' by a, and so on, indefinitely.'
41

Again, if I wish

to extract the square root of a2
-\-b

2
, I write y/a2

-\-b
2

; if I wish to

extract the cube root of a3—b 3 -\-ab
z

, I write ^a3—b 3 -\-ab2 , and sim-

ilarly for other roots.'*
1 Here it must be observed that by a2

, b 3
, and

similar expressions, I ordinarily mean only simple lines, which, how-

ever, I name squares, cubes, etc., so that I may make use of the terms

employed in algebra. 1'1

m While in arithmetic the only exact roots obtainable are those of perfect

powers, in geometry a length can be found which will represent exactly the square

root of a given line, even though this line be not commensurable with unity. Of
other roots, Descartes speaks later.

w Descartes uses a3
, a*, a5

, a8 , and so on. to represent the respective powers
of a, but he uses both aa and a2 without distinction. For example, he often has

aabb, but he also uses -rz- .

m Descartes writes : -^C.a3 — 6s+ add . See original, page 299, line 9.

[,) At the time this was written, a 2 was commonly considered to mean the sur-

face of a square whose side is a, and 6 8 to mean the volume of a cube whose side

is b; while b*. bs
, ... were unintelligible as geometric forms. Descartes here says

that o2 does not have this meaning, but means the line obtained by constructing a

third proportional to 1 and o, and so on.



GEOMETRY

It should also be noted that all parts of a single line should always
be expressed by the same number of dimensions, provided unity is not

determined by the conditions of the problem. Thus, a 3 contains as

many dimensions as ab 2 or & s
, these being the component parts of the

line which I have called i?a 3—

&

s -fab 2
. It is not, however, the same

thing when unity is determined, because unity can always be under-

stood, even where there are too many or too few dimensions ; thus, if

it be required to extract the cube root of a2b 2— b, we must consider the

quantity a2b 2 divided once by unity, and the quantity b multiplied twice

by unity.
171

Finally, so that we may be sure to remember the names of these lines,

a separate list should always be made as often as names are assigned

or changed. For example, we may write, AB=1, that is AB is equal

to 1 ;

[8] GH= a, BD= &, and so on.

If, then, we wish to solve any problem, we first suppose the solution

already effected,
191 and give names to all the lines that seem needful for

its construction,—to those that are unknown as well as to those that

are known. 1"1 Then, making no distinction between known and unknown
lines, we must unravel the difficulty in any way that shows most natur-

M Descartes seems to say that each term must be of the third degree, and that
therefore we must conceive of both a-b- and b as reduced to the proper dimension.

1,1 Van Schooten adds "seu unitati," p. 3. Descartes writes, ABOOl. He
seems to have been the first to use this symbol. Among the few writers who fol-

lowed him, was Hudde (1633-1704). It is very commonly supposed that 00 is a
ligature representing the first two letters (or diphthong) of "aequare." See, for
example, M. Aubry's note in W. W. R. Ball's Recreations Mathematiques et Prob-
lemes des Temps Anciens et Modernes, French edition, Paris, 1909, Part III, p. 164.

1,1 This plan, as is well known, goes back to Plato. It appears in the work of
Pappus as follows : "In analysis we suppose that which is required to be already
obtained, and consider its connections and antecedents, going back until we reach
either something already known (given in the hypothesis), or else some fundamen-
tal principle (axiom or postulate) of mathematics." Pappi Alexandrini Collectiones
quae supersunt e Ubris maim scriptts edidit Latina interpellatione et commentariis
instruxit Fredericus Hultsch, Berlin, 1876-1878; vol. II, p. 635 (hereafter referred
to as Pappus). See also Commandinus, Pappi Alexandrini Mathematicae Collec-
tiones, Bologna, 1588, with later editions.

Pappus of Alexandria was a Greek mathematician who lived about 300 A.D.
His most important work is a mathematical treatise in eight books, of which the
first and part of the second are lost. This was made known to modern scholars
by Commandinus. The work exerted a happy influence on the revival of geometry
in the seventeenth century. Pappus was not himself a mathematician of the first

rank, but he preserved for the world many extracts or analyses of lost Works, and
by his commentaries added to their interest.

[10] Rabuel calls attention to the use of a, b, c, ... for known, and x, y, s, . .

.

for unknown quantities (p. 20).
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gnes fur lc papier, &ilfuffift deles defigner par quelques
vfcf de

lettres, chafcune par vne feule. Comme pour adioufter chifFtcsen

la ligne B D aG H, ie nomme l'vne a & l'autre £,& efcris u\c™'

a-h b;Eta— ^pour fouftraire b d' a
t
Et a £,pour les mul-

tiplier l'vne par TautrejEt ~, pour diuifera par^Et a a,

ou a, pour multiplier a par foy mefme; Eta, pour Ie

multiplier encore vne fois par a , & ainfi a 1'infmi j Et

r -a-+- by pour tirer la racine quarre'e d' a +• b j Et

' C.a— b -+- # £ £, pour tirer la racine cubique d' a -- b

-habb, & ainfi des autres.

Ou il eft a remarquer que par a ou £ ou femblables,

ieneconcpyordinairement que des lignes toutes fim-

ples, encore que pour me feruir des noms vfite's enl'Al-

gebre, ie les nomme des quarre's ou des cubes, &c.

Ileftaufly a remarquer que toutes les parties d'vne

mefme ligne,(e doiuent ordinairementexprimerparau*

tant de dimenfions l'vne que l'autre, lorfque IVnite'n'efl:

j

pointdetermineeenlaqueftion, comme icy a en con*

tientautantqu'0££ ou b dont fecompofe la ligne que

fay nomme'e ^C. a- b -+ abb: inais que ce n'eft

pas de mefme lorfque Tvnite' eft defcermine'e , a caufe*

qu elle peut eftrefoufentendue par tout ou il y a trop ou

trop pen de dimenfions: comme s'il faut tirer la racine

cubique de a abb — b , il faut penfer que la quantity

aabbeft diuifee vne fois par l'vinte', & que l'autre quan-

tite' b eft multiplied deux fois par la mefme.

P p 2 Au



3°° La Geometrie.
Au refte affin de ne pas manquer a fe fouuenir des

nomsde ces lignes, il en faut toufiours faire vn regiftre

fepare' , a mefure qu'on les pofe ou qu'on les change,

cfcriuarrt parexemple

.

A B 30 i , c*eft a dire,A B efgal a t.

GHe» a

BD oo b, ice.

Cammct Ainfi voulantrefbudre quelque probIefine,on doit d'a-
ii faut ve- bor(j |e confiderercomme defia fair,& donner des noms
nir aux

Equatios a toutes les lignes, qui femblent neceflaires pour le con-

ceit a 5e- ftruire, aufly bien acelles qui font inconnues , qu'aux

foudreics autres. Puis fans confidereraucune difference entreces

nles.

C
lignes connues,& inconnues, on doit parcounrJa diffi-

cult^, felon I'ordre qui monftre le plus naturellemenc

de tous en qu'elle forte elles dependent mutuellement-

les vnes des aotres, iufques a ce qu'on ait trouue moyen

*d'exprimer vne mefme quantitc en deux facons : ce qui

lenommevne Equation
5
car les termes de l'vne de ces

deux fac,ons font efgaux aceux de l'autre. Et on doit

trouuer autant de telles Equations,qu'ona fuppofe de li-

gnes, qui eftoient inconnues. Oubien s'il ne sen trouue

pas tant,& que nonobftanton n'ometteriende ce qui eft

defire en la queftion,cela tefmoigne qu'elle n'eft pas en-

tierement determine'e. Et lors on peut prendre a difcre-

tion des lignes connues, pour toutes les inconnues auk

qu'elles ne correfpond aucune Equation. Aprds cela s'il

enrefte encore plufieurs , il fe faut feruir par ordre de

chafcune des Equations qui refteut aufTy , foit en la con-

fiderant toute feul?,foit en la comparant auec Ids autres,

pour expliquer chafcune de ces lignes inconnues;& faire

ainfi
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ally the relations between these lines, until we find it possible to express

a single quantity in two ways/"1 This will constitute an equation, since

the terms of one of these two expressions aie together equal to the

terms of the other.

We must find as many such equations as there are supposed to be

unknown lines
;

[12] but if, after considering everything involved, so many
cannot be found, it is evident that the question is not entirely deter-

mined. In such a case we may choose arbitrarily lines of known length

for each unknown line to which there corresponds no equation.'
181

If there are several equations, we must use each in order, either con-

sidering it alone or comparing it with the others, so as to obtain a value

for each of the unknown lines ; and so we must combine them until

there remains a single unknown line
1"1 which is equal to some known

line, or whose square, cube, fourth power, fifth power, sixth power,

etc., is equal to the sum or difference of two or more quantities/
18

' one

of which is known, while the others consist of mean proportionals

between unity and this square, or cube, or fourth power, etc., multiplied

by other known lines. I may express this as follows

:

z--=b,

or 2-'=—az-\-b-,

or zs=az--^-b 2z—c*,

or z*=az*—c
3
z-\-d*, etc.

That is, z, which I take for the unknown quantity, is equal to b; or,

the square of z is equal to the square of b diminished by a multiplied

by z; or, the cube of z is equal to a multiplied by the square of z, plus

the square of b multiplied by z, diminished by the cube of c; and sim-

ilarly for the others.

1111 That is, we must solve the resulting simultaneous equations.
["] Van Schooten (p. 149) gives two problems to illustrate this statement. Of

these, the first is as follows: Given a line segment AB containing any point C,

required to produce AB to D so that the rectangle AD.DB shall be equal to the

square on CD. He lets AC = a, CB = b, and BD = x. Then AD = a+ b + x,

and CD = b + x, whence ax 4- bx+ x- = b2+ 2bx + x- and x= -r

.

1

'
' a—b

[1S1 Rabuel adds this note : "We may say that every indeterminate problem is an
infinity of determinate problems, or that every problem is determined either by
itself or by him who constructs it" (p. 21).

[141 That is, a line represented by x, x2
, xs

, x*,
I16] In the older French, "le quarre, ou le cube, ou le quarre de quarre, ou le sur-

solide, ou le quarre de cube &c," as seen on page 11 (original page 302).
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Thus, all the unknown quantities can be expressed in terms of a sin-

gle quantity, 1"1 whenever the problem can be constructed by means of

circles and straight lines, or by conic sections, or even by some other

curve of degree not greater than the third or fourth. 1' 71

But I shall not stop to explain this in more detail, because I should

deprive you of the pleasure of mastering it yourself, as well as of the

advantage of training your mind by working over it, which is in my
opinion the principal benefit to be derived from this science. Because,

I find nothing here so difficult that it cannot be worked out by any one
at all familiar with ordinary geometry and with algebra, who will con-

sider carefully all that is set forth in this treatise.
1"1

1181 See line 20 on the opposite page.
(17]

Literally, "Only one or two degrees greater."
tl8] In the Introduction to the 1637 edition of La Geometric Descartes made

the following remark: "In my previous writings I have tried to make my mean-
ing clear to everybody ; but I doubt if this treatise will be read by anyone not
familiar with the books on geometry, and so I have thought it superfluous to repeat
demonstrations contained in them." See Ocuvres de Descartes, edited by Charles
Adam and Paul Tannery, Paris, 1897-1910, vol. VI, p. 368. In a letter written
to Mersenne in 1637 Descartes says : "I do not enjoy speaking in praise of myself,
but since few people can understand my geometry, and since you wish me to
give you my opinion of it, I think it well to say that it is all I could hope for,
and that in La Dwptrique and Les Metcores, I have, only tried to persuade people
that my method is better than the ordinary one. I have proved this in my geom-
etry, for in the beginning I have solved a question which, according to Pappus,
could not be solved by any of the ancient geometers.
"Moreover, what I have given in the second book on the nature and properties

of curved lines, and the method of examining them, is, it seems to me, as far
beyond the treatment in the ordinary geometry, as the rhetoric of Cicero is beyond
the a, b, c of children. . . .

"As to the suggestion that what I have written could easily have been gotten
from Vieta, the very fact that my treatise is hard to understand is due to my
attempt to put nothing in it that I believed to be known either by him or by any
one else. ... I begin the rules of my algebra with what Vieta wrote at the
very end of his book, De emendatione aequationum. . . . Thus, I begin where
he left off." Ocuvres de Descartes, publiees par Victor Cousin, Paris, 1824, Vol.
VI, p. 294 (hereafter referred to as Cousin).

In another letter to Mersenne, written April 20, 1646, Descartes writes as
follows : "I have omitted a number of things that might have made it (the geom-
etry) clearer, but I did this intentionally, and would not have it otherwise. The
only suggestions that have been made concerning changes in it are in regard to
rendering it clearer to readers, but most of these are so malicious that I am com-
pletely disgusted with them." Cousin, Vol. IX, p. 553.

In a letter to the Princess Elizabeth, Descartes says : "In the solution of a
geometrical problem I take care, as far as possible, to use as lines of reference
parallel lines or lines at right angles: and I use no theorems except those which
assert that the sides of similar triangles are proportional, and that in a right
triangle the square of the hypotenuse is equal to the sum of the squares of the
sides. I do not hesitate to introduce several unknown quantities, so as to reduce the
question to such terms that it shall depend only on these two theorems." Cousin,
Vol. IX, p. 143.
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ainfi en les demeflant,qu'il n'endemeure quVne feule,

elgale a quelque autre, qui foit connue , oubien dont le

quarre*, oule cube, oule quarre de quarre', oule furfoli-

de.oulequarre'de cube,&c. (bit efgal a ce, qui fc pro-

duift par l'addition, ou fouftraction dc deux ou plufieurs

autres quantites , dont l'vne foit connue , & les autres

foient compofe'es de quclques moyennes proportion*

nelles entre l'vnite, & ce quarre*, ou cube , ou quarre* de

quarre'j&c. multipliers par d'autres connues. Ce que i'e-

fcris en cete forte.

^ 30 b* ou
z

^30— a %-\-bb, ou
j - i

^co ~i~a ^^rbbn^-c. ou
4 * i +

% 30 a J(, — c^-i-d. &c.

C'eftadire, %, que ieprens pour la quantity inconnue,

cftefgale'a^, oule quarre* de J^eft elgal au quarre de b

moins a multiplie' par £ ou le cube de ^ eft efgal a a

multiplie'par le quarre de ^plus le quarre de ^multiplie

pat ^moins le cube de c. & ainfi des autres.

Et on peut toufiours reduire ainfi toutes les quantity

inconnues a vne feule, lorfque le Problefme fe pcut con-

ftruire par des cercles & des lignes droites , ou aufly par

des fe&ions coniques,ou mefme par quelque autreligne

qui ne foit que d'vn ou deux degre's plus compofee. Mais

ie ne m'arefte point a expliquer cecy plus en detail , a

caufe que ie vous ofterois le plaifir de l'apprendre de

vous mefme, & l*vtilitd de cultiuer voftre efprit en vous

y exerceant, qui eft a mon auis la principale,qu'on puifle

Pp 3
tirer

li
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tirer de cete fcience. Auflyque ie n yremarque rien de
fi difficile, que ceux qui feront vn peu verfes en la Geo-
metric commune,& en l'AIgebre, & qui prendront gar-
de a tout ce qui eit en ce traite, ne puifTent trouuer.

C eftpourquoyieme contenteray icy de vous auer-
tir, que pourvti qu'en demeflant ces Equations on ne
manque point a feferuir detoutes les diuifions, qui fe-

ront poffibles, on aura infalliblemcnt les plus fimples

termes,aufquels la queftion puifle eftre reduite.

Et que fi ellepeut eftre refolne par la Geometrie ordi-
probicf- naire, c'eft a dire, en ne fe feruant que de lignes droites
mes

p
ns & circulaires tracers fur vne fuperficie plate , lorfque la

derniere Equation aura efte* entierement de'niefle
/
e,il n y

reftera tout an plus qu'vn quarreinconnu, e/gal a cequi
feproduift de 1'Addition, ou fouftra&ion de faracine
multiphe'e par quelquequantite'connue , & de quelque
autre quantite'anfTyconnue

men°Tis
Et *ors cece rac*ne

>
ou%ne inconnue fe trouue ay/e-

ferefoi- ment. Carfii'ayparexemple
ueat. a

^,—.... «£ x> a % •+ b b

iefais Ie triangle rectan-

gle N L M, dont le co-

fteXMeftefgalaJra-
cine quarrel de la quan-
tity connue b b, & l'au-

M trcLNeft^*, lamoi-
tie' de l'autre quantitc'

connue, qui eftoit multiphe'e par %que ie fuppofe eftre la

ligne inconnue. puis prolongeantMN la baze de ce tri-

angle,

12
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I shall therefore content myself with the statement that if the stu-

dent, in solving these equations, does not fail to make use of division

wherever possible, he will surely reach the simplest terms to which

the problem can be reduced.

And if it can be solved by ordinary geometry, that is, by the use of

straight lines and circles traced on a plane surface,'
191 when the last

equation shall have been entirely solved there will remain at most only

the square of .an unknown quantity, equal to the product of its root

by some known quantity, increased or diminished by some other quan-

tity also known. 1*1 Then this root or unknown line can easily be found.

For example, if I have z2= az -f- &

V

211
I construct a right triangle NLM

with one side LM, equal to b, the square root of the known quan-

tity b 2
, and the other side, LN, equal to i a, that is, to half the

other known quantity which was multiplied by z, which I supposed to

be the unknown line. Then prolonging MN, the hypotenuse'
221

of this

triangle, to O, so that NO is equal to NL, the whole line OM is the

required line z. This is expressed in the following way -}
m

A /— a3

\4
z= y° +* 14- <** + *>*

But if I have y
2=— ay-\-b 2

, where y is the quantity whose value

is desired, I construct the same right triangle NLM, and on the hypote-

1181 For a discussion of the possibility of constructions by the compasses and

straight edge, see Jacob Steiner, Die geometrischen Constructionen ausgefiihrt

tnittelst der geraden Linie und eines festen Kreises, Berlin, 1833. For briefer

treatments, consult Enriques, Fragen der Elementar-Geometrie, Leipzig, 1907;

Klein, Problems in Elementary Geometry, trans, by Beman and Smith, Boston,

1897; Weber und Wellstein, Encyklopddic der Elementaren Geometrie, Leipzig,

1907. The work by Mascheroni, La geometria del compasso, Pavia, 1797, is inter-

esting and well known.
m That is, an expression of the form s- = as ± b. "Esgal a ce qui se produit

de l'Addition, ou soustraction de sa racine multiplee par quelque quantite connue,

& de quelque autre quantite aussy connue," as it appears in line 14, opposite page.

1211 Descartes proposes to show how a quadratic may be solved geometrically.

[al Descartes says "prolongeant MN la baze de ce triangle," because the hypote-

nuse was commonly taken as the base in earlier times.

l"'From the figure OM.PM = LM 2
. If OM = s, PM = g— a, and since

LM = b, we have s (s— a) = b2 or s2 = as+b 2
. Again, MN = \-o2+ b2,

whence

OM = s = ON+MN= -o+\ -a2+ b2
. Descartes ignores the second root, which

2 \ 4

is negative.

T3
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nuse MN lay off NP equal to NL, and the remainder PM is y, the

desired root. Thus I have

In the same way, if I had

.r
4 = — ax" -j- />\

PM would be x" and I should have

* ->/-!•+>/!«+'.

and so for other cases.

Finally, if I have z2 = az—b 2
, I make NL equal to l a and LM equal

to b as before ; then, instead of joining the points M and N, I

draw MQR parallel to LN, and with N as a center describe a circle

through L cutting MQR in the points Q and R ; then z, the line sought,

is either MQ or MR, for in this case it can be expressed in two ways,

namely :

IM]

and
i' + Vi*'-*'

z = -a
2
\. -£*-*.

lM1 Since MR.MQ = LM 2
, then if R= .s, we have MQ = a — 2, and so

z(a— 2)= b 2 or s2 = as— b 2
.

If, instead of this, MQ = s, then MR = a— z, and again, z2 = as— b2
. Further-

more, letting O be the mid-point of QR,

MQ = OM-OQ=ia- Jl
fl2 __ &2>

and

MR = MO +OR= ja+ yji a2_ b 2
m

Descartes here gives both roots, since both are positive. If MR is tangent to the

circle, that is, if b = — a, the roots will be equal; while if b > — a, the line MR

will not meet the circle and both roots will be imaginary. Also, since RM.QM:=LM ,

s
1
3
2
= b*. and RM +QM = z

t
+ z

2
— a.

14
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angle, iufques a O , en forte qu'N O foit efgale aN L,

la toute OM eft £ la ligne cherche'e Et elle s'exprime

en cete forte

^ 30 J a H- Y\ **-+• bb.

Que fi i&yyy x> — ay -t- bb3 8c qn'y foit la quantite

qu'ilfauttrouuer , ie fais le mefme triangle rectangle

NL M, & de fa bazeMN i'ofteN P efgale a N L, & le

refte P M eft y la racine cherche'e. De facon que iay

ytt-^a-i-t^zaa-hbb. Et tout de mefme fi i'a-

uois at 30 — a x -*- b. PM feroit x. & i'aurois

x 3d V -."-a-*" V'\aa^rbb\ &ainfi des autres.

Enfin fi i'ay

z

^ CO tf % — ££;

ie fais N L efgale a £ a, & LM
efgale a b come deuat, puas,au lieu

de ioindre les poinsM N , ie tire

M QJ< parallele aL N. & du cen-

tre N par Z, ayant defcrit vn cer-

cle qui la couppe aux poins Q &
R, la ligne cherchee % eft M Q»
oubieM R, car en ce cas elle s'ex-

prime en deux fa§ons,a fc/auoir\?o\a*-V \aa~-bb^

&^ 30 ~ a — V^aa—bb.
Et fi le cercle, qui ayant fbn centre au pointN ,

pafTe

par le pointL,ne couppe ny ne touche la ligne droite

MQR, iln'yaaucune racine enl'Equation, defaoon

qu'on peut aflurer que la conftru&ion du problefme

proposed impoffible.
Au
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An rede ces mefmes racines fe peuuent trouuer par

vne infinite d'autres raoyens , & i'ay feulement veulu

mettreceuxcy,commefortfimples, affin defaire voir

qu'on peut conftruire tous les Problefmes de la Geome-
tric ordinaire, fans faire autre chofe que le peu qui eft

compris dans les quatre figures que i'ay expliquees. Cc
queienecroy pas que les anciens ayent remarqud. car

autrementilsn'eufTentpas prisJa peine d'en efcrire tant

de gros liures, ou le feul ordre de leurs propositions nous

fait connoiftre qu'ils n'ont point eu lavraye methode

pour les trouuer toutes,mais qu'ilsont feulementrama£

fecelles qu'ilsontrencontrees.

Sxcmplc Et on le peut voir aufly fort clairement de ce que Pap-

Pappus, pus a mis au commencement defonfeptiefme liure, ou

apres s'eftre arefte'quelque tems a denombrer tout ce

qui auoit efte efcrit en Geometrie par ceux qui l'auoient

precede', il parle enfin d vne queftion , qu'il dit que ny

Euclide,nyApollonius,ny aucun autre n'auoient fceu

entierement refoudre. & voycy fes mots.,

je cite Quem autem dicit [Apollonius) in tertio libro locum ad
P
wfi!nU- tres> & quatuor linens ab EuclideperfeBum non ejfe , neque

tine que le
ipfe perficere poterat , neque aliquv alius': fed neque pau-

'Jffiny™ lulumquidaddereiis ,
quce Euclides (cripfit,per ea tantum

chafiun cmjca quce ufque ad Euclidis tempora prcemonftrata

pita ayfe-funt,&C.
mmt.

j7 t vn peU apre
"
s jj cx plique ainfi qu'elle eft cete que-

ftion.

jit locus adtres, G? quatuor linens , in quo (Apollonius)

magnificefe iaflatj £2 ofientat,nulla habita gratia ei , qui

priusfcripferat , ejlbujufmodi. Sipofitione datistribus

reblif

16
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And if the circle described about N and passing through L neither

cuts nor touches the line MQR, the equation has no root, so that we
may say that the construction of the problem is impossible.

These same roots can be found by many other methods
,

m
I have

given these very simple ones to show that it is possible to construct

all the problems of ordinary geometry by doing no more than the little

covered in the four figures that I have explained.m This is one thing

which I believe the ancient mathematicians did not observe, for other-

wise they would not have put so much labor into writing so many books

in which the very sequence of the propositions shows that they did not

have a sure method of finding all,
1271

but rather gathered together those

propositions on which they had happened by accident.

This is also evident from what Pappus has done in the beginning of

his seventh book, 1281
where, after devoting considerable space to an

enumeration of the books on geometry written by his predecessors,'
2*1

he finally refers to a question which he says that neither Euclid nor

Apollonius nor any one else had been able to solve completely;
1301 and

these are his words

:

"Quern autetn dicit (Apollonius) in tertio libro locum ad tres, &
quatuor lineas ab Euclide perfcctum non esse, neque ipse perficere

poterat, neque aliquis alius; sed neque paululum quid addere Us, quce

t25] For interesting contraction, see Rabuel, p. 23, et seq.
[281

It will be seen that Descartes considers only three types of the quadratic
equation in 2, namely, z2+ az— b- = 0, :- — as— b2 — 0, and z2 — ast b2 = 0.

It thus appears that h*e has not been able to free himself from the old traditions
to the extent of generalizing the meaning of the coefficients, — as negative and
fractional as well as positive. He does not consider the type s2+ az+ b 2 = 0,

because it has no positive roots.
[27] "Qu'ils n'ont point eu la vraye methode pour les trouuer toutes."
[S8] See Note f9].
IM] See Pappus, Vol. II, p. 637. Pappus here gives a list of books that treat

of analysis, in the following words : "Illorum librorum, quibus de loco, 'ava\v6fievos

sive resoluto agitur, ordo hie est. Euclidis datorum liber unus, Apollonii de pro-
portionis sectione libri duo, de spatii sectione duo, de sectione determinata duo, de
tactionibus duo, Euclidis porismatum libri tres, Apollonii inclinationum libri duo,
eiusdem locorum planorum duo, conicorum octo, Aristaei locorum solidorum libri

duo." See also the Commandinus edition of Pappus, 1660 edition, pp. 240-252.
tM) For the history of this problem, see Zeuthen : Die Lehre von den Kegel-

schnitten im Alterthum, Copenhagen, 1886. Also, Adam and Tannery, Oeuvres de
Descartes, vol. 6, p. 723.
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Euclides scripsit, per ea tantum conica, quce usque ad Euclidis tempora

prcemonstrata sunt, &c." l81]

A little farther on, he states the question as follows

:

"At locus ad tres, & quatuor lineas, in quo (Apollonius) magnifice

se jactat, & ostentat, nulla habita gratia ei, qui prius scripserat, est

hujusmodi. [321 Si positione datis tribus rectis lineis ab uno & eodem

puncto, ad tres lineas in datis angulis rectce linece ducantur, & data sit

proportio rectanguli contenti duabus ductis ad quadratum reliquce:

punctum contingit positione datum solidum locum, hoc est unam ex

tribus conicis sectionibus. Et si ad quatuor rectas lineas positione datas

in datis angulis linece ducantur; & rectanguli duabus ductis contenti ad

contentum duabus reliquis proportio data sit; similiter punctum datum

coni sectionem positione continget. Si quidem igitur ad duas tantum

locus planus ostensus est. Quod si ad plures quam quatuor, punctum
continget locos non adhuc cognitos, sed lineas tantum dictas; quotes

autem sint, vel quam habcant proprietatem, non constat: earum unam,

neque primam, & quce manifestissima videtur, composuerunt osten-

dentes utilem esse. Propositiones autem ipsarum hce sunt.

"Si ab aliquo puncto ad positione datas rectas lineas quinque ducantur

rectce linece in datis angulis, & data sit proportio solidi parallelepipedi

rectanguli, quod tribus ductis lineis continetur ad solidum parallelepipe-

dum rectangulum, quod continetur reliquis duabus, & data quapiam

linea, punctum positione datam lineam continget. Si autem ad sex, &
data sit proportio solidi tribus lineis contenti ad solidum, quod tribus

reliquis continetur ; rursus punctum continget positione datam lineam.

Quod si ad plures quam sex, non adhuc habent dieere, an data sit pro-

portio cUjuspiam contenti quatuor lineis ad id quod reliquis continetur,

[S1] Pappus, Vol. II, pp. 677, et seq., Commandinus edition of 1660, p. 251.

Literally, "Moreover, he (Apollonius) says that the problem of the locus related

to three or four lines was not entirely solved by Euclid, and that neither he him-

self, nor any one else has been able to solve it completely, nor were they able to

add anything at all to those things which Euclid had written, by means of the

conic sections only which had been demonstrated before Euclid." Descartes arrived

at the solution of this problem four years before the publication of his geometry,

after spending five or six weeks on it. See his letters, Cousin, Vol. VI, p. 294,

and Vol. VI, p. 224.
[M] Given as follows in the edition of Pappus by Hultsch, previously quoted

:

"Sed hie ad tres et quatuor lineas locus quo magnopere gloriatur simul addens ei

qui conscripserit gratiam habendam esse, sic se habet."
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reUis lineis abuno & eodempunBo, adtres linens in datis an-

giitis rehire linea ducantur , ($ data Jit proportio reBanguii

contenti duabuf duSlis adquadratum reliquee : punBum con*

tingitpofitione datumfolidum locum , bpc eftunam ex tribus

conicisfeBionibus. Et ft ad quatuor reBas tineas pofitione

datas in datis angulis linea ducanturi & reBanguli duabus

duBis content! adcontentum duabus reliquisproportio data

fit:JimiliterpunBum datum conifeBionem pofitione cmtin-

get. Si quidem igituradduos tantum locus planus oftenfus

eft. Quodft adp lures quam quatuor, punBum continget lo-

cos non adbuc cognitos,fed lineas tantum diBaSj quales au-

temfint, velquam babeantproprietatem, non conftati earum

unam, nequeprimam, & qua manifeftijfima videtur, compo-

Juerunt ofiendentes utilemefte. propofttiones autemipfarum

ha funt.

Si ab aliquopunBoadpofitione datas reBdS lineas quin-

que ducantur reBa linea in datis angulis , & datafit propor-

tiofoMdiparallelepipedireBangulh quod tribus duBis lineis

contineturadfolidum parallelepipedum reBangulum , quod

continetur reliquis duabus, & data quapiam linea
, punBum

pofitione datam lineam continget. Si autem adfex , & data

fitproportiofolidi tribus lineis contenti ad folidum, , quod

tribus reliquis continetur ,- rurfuspunBum contingetpofitione

datam lineam. Quodfiadplures quamfex, non adbuchabent

dicere,an datafitproportio cuiufpid contenti quatuor lineis

ad id quod reliquis continetur, quoniam non eft aliquid con"

tentum pluribus quam tribus dimenfionibus.

Ou ie vous prie de remarquer en paflfant
,
que le fcru-

pule,quefaifoientIesanciens d'vfer.destermes dei'A-

rithmetique en la Geometrie, qui ne pouuoit proceder,

O q que
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que de ce qu'ils ne voyoient pas afles clairement leur

rapport, caufoit beaucoup d'obfcurite , & d'embaras, en

lafa$ondontilss'expliquoient. car Pappus pourfuit en

cete forte.

Acquiefcunt atttem his ,
quipauto ante talia interpretati

funt. nequeunum altquopaBo comprebenfihilefignificantcs

quodhis continetur.Licebit aute per coniunBasproportions

lieCy (3 dicere, (3 demonftrare univerfe in diBis proportioni-

bus
t
atque bis in bunc modum. Si ab aliquo punBo adpofi-

tione datas-reBas tineas ducantur reBa linm in datis angii-

tis, S3 datafitproportio coniunBa ex ea
3 quam babet una da-

ftarum adunam, (3 altera adalteramy (3 alia adaliam^ re-

liquaad datam lineam, fifint fepterm fivero oBe , (3 reliqua,

ad reliquam:punBum continget pofitione datfo tineas. Et

fimiliter quotcumque Jint impares vet pares multitudine^

€um bac, ut dixi, loco adquatuor tineas refpandeant, nullum

igiturpofueruntita ut tinea notaJit, S3c.

Laqueftiondoncquiauoitefte*commencee a refbu-

dreparEucIide, &pourfuiuieparApollonius, fans auoir

efte acheuee parperfonne , eftott telle. Ayant trois on

quatreou plus grandnombre delignes droites donnees

parpofitionjpremierement on demande vn point ,.du-

quel on puifle tirerautant d'autres lignes droites,vne fur

chafcunedesdonne'es, qui facent auecelles des angles

donned, & que le rectangle contenu en deux de celles,

qui feront aiufi tire'es d'vn mefme point , ait la propor-

tion,donne'e auec le quarre' de la troifiefme , s'il n'y en a

que trois,- oubien auec lerectangle des deuxautres, s'ily

en a quatrejOubien,s'il y en a cinq,que le parallelepipede

compofe de trois ait la proportion donnee auec le paral-

lelepipede
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quoniatn non est aliquid contentum pluribus quam tribus dimensioni-

bus." m
Here I beg you to observe in passing that the considerations that

forced ancient writers to use arithmetical terms in geometry, thus mak-
ing it impossible for them to proceed beyond a point where they could

see clearly the relation between the two subjects, caused much obscur-

ity and embarrassment, in their attempts at explanation.

Pappus proceeds as follows:

"Acquiescunt autem his, qui paulo ante talia interpretati sunt; neque
unurn aliquo pacto comprehensibile significantes quod his continetur.

Licebit autem per conjunctas proportiones hcec, & dicere & demonstrate

universe in dictis proportionibus, atque his in hunc modum. Si ab

aliquo puncto ad positione datas rectos tineas ducantur rectce lines in

datis angulis, & data sit proportio conjuncta ex ea, quam fiabet una
ductarum ad unam, & altera ad alteram, & alia ad aliam, & reliqua ad
datam lineam, si sint septcm; si vero octo, & reliqua ad reliquam:

punctum continget positione datas lineas. Et similiter quotcumque sint

m This may be somewhat freely translated as follows : "The problem of the
locus related to three or four lines, about which he (Apollonius) boasts so proudly,
giving no credit to the writer who has preceded him, is of this nature: If three
straight lines are given in position, and if straight lines be drawn from one and
the same point, making given angles with the three given lines; and if there be
given the ratio of the rectangle contained by two of the lines so drawn to the
square of the other, the point lies on a solid locus given in position, namely, one
of the three conic sections.

"Again, if lines be drawn making given angles with four straight lines given
in position, and if the rectangle of two of the lines so drawn bears a given ratio
to the rectangle of the other two; then, in like manner, the point lies on a conic
section given in position. It has been shown that to only two lines there corre-
sponds a plane locus. But if there be given more than four lines, the point gen-
erates loci not known up to the present time (that is, impossible to determine by
common methods), but merely called 'lines'. It is not clear what they are, or
what their properties. One of them, not the first but the most manifest, has been
examined, and this has proved to be helpful. (Paul Tannery, in the Oeuvres de
Descartes, differs with Descartes in his translation of Pappus. He translates as
follows : Et on n'a fait la synthase d' aucune de ces lignes, ni montre qu'elle servit
pour ces lieux, pas meme pour celle qui semblerait la premiere et la plus indiquee.)
These, however, are the propositions concerning them.

"If from any point straight lines be drawn making given angles with five
straight lines given in position, and if the solid rectangular parallelepiped contained
by three of the lines so drawn bears a given ratio to the solid rectangular paral-
lelepiped contained by the other two and any given line whatever, the point lies

on a 'line' given in position. Again, if there be six lines, and if the solid con-
tained by three of the lines bears a given ratio to the solid contained by the other
three lines, the point also lies on a 'line' given in position. But if there be more
than six lines, we cannot say whether a ratio of something contained by four
lines is given to that which is contained by the rest, since there is no figure of
more than three dimensions."
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impares vel pares multitudine, cum hac, ut dixi, loco ad quatuor lincas

respondeant, nullum igitur posuerunt ita ut linea nota sit, &c.m

The question, then, the solution of which was begun by Euclid and

carried farther by Apollonius, but was completed by no one, is this

:

Having three, four or more lines given in position, it is first required

to find a point from which as many other lines may be drawn, each

making a given angle with one of the given lines, so that the rectangle

of two of the lines so drawn shall bear a given ratio to the square of

the third (if there be only three) ; or to the rectangle of the other two

(if there be four), or again, that the parallelepiped
1301 constructed upon

three shall bear a given ratio to that upon the other two and any given

line (if there be five), or to the parallelepiped upon the other three (if

there be six) ; or (if there be seven) that the product obtained by mul-

tiplying four of them together shall bear a given ratio to the product

of the other three, or (if there be eight) that the product of four of

them shall bear a given ratio to the product of the other four. Thus

the question admits of extension to any number of lines.

Then, since there is always an infinite number of different points

satisfying these requirements, it is also required to discover and trace

the curve containing all such points.
1381 Pappus says that when there

are only three or four lines given, this line is one of the three conic

sections, but he does not undertake to determine, describe, or explain

the nature of the line required
1371 when the question involves a greater

number of lines. He only adds that the ancients recognized one of

them which they had shown to be useful, and which seemed the sim-

t34] This rather obscure passage may be translated as follows : "For in this are

agreed those who formerly interpreted these things (that the dimensions of a

figure cannot exceed three) in that they maintain that a figure that is contained by

these lines is not comprehensible in any way. This is permissible, however, both

to say and to demonstrate generally by this kind of proportion, and in this man-

ner: If from any point straight lines be drawn making given angles with straight

lines given in position; and if there be given a ratio compounded of them, that

is the ratio that one of the lines drawn has to one, the second has to a second,

the third to a third, and so on to the given line if there be seven lines, or, if there

be eight lines, of the last to a last, the point lies on the lines that are given in

position. And similarly, whatever may be the odd or even number, since these,

as I have said, correspond in position to the four lines; therefore they have not

set forth any method so that a line may be known." The meaning of the passage

appears from that which follows in the text.
[3S] That is, continued product.m It is here that the essential feature of the work of Descartes may be said

to begin.
18,1 See line 19 on the opposite page.
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Iclepipede coinpofc'des deux qui reftent,&d'vne autre

ligne donnee. Ous'ily en a fix, que le parallelepipede

copofd de trois ait la proportion donnee auec le paralle-

lepipede des trois autres. Ou s'il y en a fept,que ce qui le

produift lorfqu'on en multiplie quatre Tvne par l'autre,

ait la raifon donnee auec ce qui fe produift par la multi-

plication des trois autres, & encore d'vne autre ligne

donnee
;
Ou s'il yen a huit, que le produit de la multi-

plication de quatre ait la proportion donnee auec le pro-

duit des quatre autres. Et ainfi cete queftion le peut

cftendre a tout autre nombre de lignes. Puis acaufe qu'il

ya toufiours vne infinite dediuerspoins qui peuuent fa-

tisfaireacequi eft icy demanded ii eft auffy requis dc

connoiftre,& de tracer la ligne,dans laqueile ils doiuent

tousfe trouuer. & Pappus dit que lorfqu'il n'y a que

trois ou quatre lignes droites donne'es , e'eften vne des

trois fe&ionsconiques.mais iln'entreprend point de la

determiner, nyde la defcrire. non plus que d'expli-

quer celles ou tous ces poins (e doiuent trouuer, lorfquc

la queftion eft propofee en vn plus grand nombre de li-

gnes. Seulement il aioufte que les anciens en auoient

imaginc'vnequ'ilsmonftroient yeftrevtile , raaisqui

fembloit la plus manifefte, & qui n'eftoit pas toutefois la

premiere. Ce qui m'a donne* occafion defrayer fi par la

methodedontieme fers on peut alter auffy loin qu'ils

ontefte'.

Et premierement i'ayconnu que cete queftion n'eftant Refponfc

propofee qu'en trois, ouquatre,ou cinq lignes , on peut^J*^"
toufiours trouuer les poins cherche's par la Geometrie Pappus.

(imple; e'eft a dire en ne fe feruant que de la reigle & du

Ciq 2 compas,
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3°8 La Gbometrie.
compas, ny ne feilant autrechofe, que ce qui a defiaeftd"

ditj excepte'feulement lorfqiril y a cinq lignes donnees,

fi elles font toutes paralleles. Auqucl cas, comme aufTy

lorfquela queftion eft propofee en fix,ou7, ou 8, ou 9
lignes, on peuttoufiourstrouuer les poins cherche's par

la Geometrie des folides
}
e'eft a dire en y employart

quelqu'vuedestrois fe&ions coniques. Except e' feule-

ment lorfqu'il y a neuflignes donnees, fi elles font toutes

paralleles. Auquelcasderechef, & encore en 10,11,12,

ou 13 lignes on peut trouuer les poins cherches par le

moyen d'vne ligne courbe qui foit d'vn degre' plus com-
pofe'e que les fedfcions coniques. Excepte' en treize fi el-

les font toutes paralleles, auquelcas,& en quatorze, ty,

161 &i7ilyfaudra employer vne ligne courbe encore

d'va degre' plus compoftb que la precedente & ainfi

al'infini.

Puisiay trouue'aufly, que lorfqu'il nyaquetrois ou
quatre bgnes donnees, les poins cherche's fe rencontrent

tous , nonfeulement en 1'vnedes trois fedions coni-

ques , mais quelquefois auffy en la circonference d'vn

cercle , ou en vne ligne droite. Et que lorfqu'il y en a
cinq ,ou fix, oufept,ouhuic, tous ces poins fe rencon-

trent en quelque vne des lignes, qui font d'vn degrd plus

compofdes que les fections coniques , & il eft impoffible

denimagineraucunequi nefoit vtile a cete queftion
;

mais ils peuuent aufTy derecheffe rencontrer en vne fe-

&ion conique, ou en vn cercle, ou en vne ligne droite.

Ets'ilyenaneuf, ouio,ouu,ouii, ces poins fe ren-

contrent en vne ligne, qui ne peut eftre que d'vn degre'

plus compofee que les precedentes
5 mais toutes ceiles

qui
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plest, and yet was not the most important.
1381 This led me to try to find

out whether, by my own method, I could go as far as they had gone. 1™1

First, I discovered that if the question be proposed for only three,

four, or five lines, the required points can be found by elementary

geometry, that is, by the use of the ruler and compasses only, and the

application of those principles that I have already explained, except
in the case of five parallel lines. In this case, and in the cases where
there are six, seven, eight, or nine given lines, the required points can
always be found by means of the geometry of solid loci,

1**5 that is, by
using some one of the three conic sections. Here, again, there is an
exception in the case of nine parallel lines. For this and the cases of
ten, eleven, twelve, or thirteen given lines, the required points may be
found by means of a curve of degree next higher than that of the conic

sections. Again, the case of thirteen parallel lines must be excluded,

for which, as well as for the cases of fourteen, fifteen, sixteen, and
seventeen lines, a curve of degree next higher than the preceding must
be used ; and so on indefinitely.

Next, I have found that when only three or four lines are given, the
required points lie not only all on one of the conic sections but some-
times on the circumference of a circle or even on a straight line.'"1

When there are five, six, seven, or eight lines, the required points

lie on a curve of degree next higher than the conic sections, and it is

impossible to imagine such a curve that may not satisfy the conditions

of the problem; but the required points may possibly lie on a conic

section, a circle, or a straight line. If there are nine, ten, eleven, or

twelve lines, the required curve is only one degree higher than the pre-

ceding, but any such curve may meet the requirements, and so on to

infinity.

m See lines 5-10 from the foot of page 23.
[J8,

Descartes gives here a brief summary of his solution, which he amplifies

later.

14,1 This term was commonly applied by mathematicians of the seventeenth cen-
tury to the three conic sections, while the straight line and circle were called plane
loci, and other curves linear loci. See Fermat, Isagoge ad Locos Pianos et Solidos,

Toulouse, 1679.
l4,J Degenerate or limiting forms of the conic sections.
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Finally, the first and simplest curve after the conic sections is the

one generated by the intersection of a parabola with a straight line in

a way to be described presently.

I believe that I have in this way completely accomplished what

Pappus tells us the ancients -sought to do, and I will try to give the

demonstration in a few words, for I am already wearied by so much

writing.

Let AB, AD, EF, GH, ... be any number of straight lines

given in position,
1421 and let it be required to find a point C, from which

straight lines CB, CD, CF, CH, . . . can be drawn, making given angles

CBA, CDA, CFE, CHG, . . . respectively, with the given lines, and

[42J It should be noted that these lines are given in position but not in length.

They thus become lines of reference or coordinate axes, and accordingly they

play a very important part in the development of analytic geometry. In this con-

nection we may quote as follows: "Among the predecessors of Descartes we

reckon, besides Apollonius, especially Vieta, Oresme, Cavalieri, Roberval, and

Fermat, the last the most distinguished in this field ; but nowhere, even by, Fermat,

had any attempt been made to refer several curves of different orders simultane-

ously to one system of coordinates, which at most possessed special significance

for one of the curves. It is exactly this thing which Descartes systematically

accomplished." Karl Fink, A Brief History of Mathematics, trans, by Beman and

Smith, Chicago, 1903, p. 229.

Heath calls attention to the fact that "the essential difference between the

Greek and the modern method is that the Greeks did not direct their efforts to

making the fixed lines of a figure as few as possible, but rather to expressing

their equations between areas in as short and simple a form as possible." For fur-

ther discussion see D. E. Smith, History of Mathematics, Boston, 1923-25, Vol. II,

pp. 316-331 (hereafter referred to as Smith).
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qui fontdVn degre plus compofees y peuuent feruir , &
ainfiai'infini.

Au refte la premiere, & la plus fimplede routes apre's
les fe&ions coniques , eft celie qu'on peut defcrirepar
l'interfe&ion d'vne Parabole, & d'vne ligue droite, en la
fa$on qui fera tantoft explique'e. En forte que ie penfe
auoir entierement fatisfait a ceque Pappus nous dit auoir
efte'chetche'en cecy par les anciens. & ic tafcheray d'en
mettre la demonftration en peu de mots.car il m'ennuie
defia d'en tant efcrire.

Soient A B, A D, E F, G H, &c. plufieurs lignes don-
ncesparpofition, & qu'il faille trouuer vn point, comrae
C,duquelayant tire d'autres lignes droites furlesdon-
nees, comme C B, C D, C F, &CH , en forte que les
anglesCB A,C DA, CFE, CHG,&c. foient donnes,

Qq 3 &
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& que ce qui eft produit par la multiplication d'vne par-

tie de ces IigneSjfoitefgal a ce qui eft produit par la mul-

tiplication des autres, oubien quits ayent quelque autre

proportion donnee, car cela ne rend point la queftion

plus difficile.

Commce Premierement ie fuppofe la chofe comme defia faite,

pofafes &P0Lir me demeller de la cofufion de toutes ces* Iignes,

tcrmes ie confidere l'vnedes donne'es , & l'vne de celles qu'il

mr" ye- &ut trouuer, parexemple A B, & C B , comme lespriu-

quation cipales, & aufquelles ie tafche de rapporter ainfi toutes
""

pie. les autres. Que le fegment de la ligne A B, qui eftentre

les poinsA & B, foit nbmmd x. & que B C foit nomme

y. & que toutes les autres Iignes donnees foient prolon-

ged, iufques a ce qu'elles couppent ces deux, aufly pro-

longed s'il eft befoin, &fi elles neleur font point paral-

lels, comme vous voy es icy qu'elles couppent la ligne

AB aux poins A, E, G, & B C aux poins R,S,T. Puis a

caufeque tous les angles du triangle ARB font donne's,

la proportion,qui eft entre les code's A B, & B R, eft auf-

fy donne'e, & ie la pofe comme de ^ a bt de fac,on qu A B

eftantx3 R B fer i ~> & la toute CR fera y -+- - * a caufe

que le pointB tombe entre C & Rj car fiR tomboit en-

tre C & B,C Rferoit y -- ~ J& fi C tomboit entre B & R,
b X

CR feroit ~y +- -7* Tout de mefme les trois angles

du triangleDR C font donne's , & par confequent aufly

laproportion qui eft entre les code's C R, &CD , que ie

bx
pole comme de %k c: de fagon que C R eftant y -+- -'

CD
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such that the product of certain of them is equal to the product of the

rest, or at least such that these two products shall have a given ratio,

for this condition does not make the problem any more difficult.

First, I suppose the thing done, and since so many lines are confus-

ing, I may simplify matters by considering one of the given lines and
one of those to be drawn (as, for example, AB and BC) as the prin-

cipal lines, to which I shall try to refer all the others. Call the segment

of the line AB between A and B, x, and call BC, y. Produce all the

other given lines to meet these two (also produced if necessary) pro-

vided none is parallel to either of the principal lines. Thus, in the

figure, the given lines cut AB in the points A, E, G, and cut BC in the

points R, S, T.

Now, since all the angles of the triangle ARB are known, 1"1 the ratio

between the sides AB and BR is known. 1"1

If we let AB : BR= 2 :b,

bx
since AB= x, we have RB—— ; and since B lies between C and R m ,

z

bx
we have CR= y-| • (When R lies between C and B, CR is tqual

OX fix
t0 y — —, and when C lies between B and R, CR is equal to— y +— )

Again, the three angles of the triangle DRC are known, 1"1 and there-

fore the ratio between the sides CR and CD is determined. Calling this

. bx cv b x
ratio z:c, since CR= y-|-— , we have CD= J

-

+

-

7r . Then, since

(4S]
Since BC cuts AB and AD under given angles.

(4*] Since the ratio of the sines of the opposite angles is known.
'"' In this particular figure, of course.
1401 Since CB and CD cut AD under given angles.
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the lines AB, AD, and EF are given in position, the distance from A
to E is known. If we call this distance k, then EB= k + x; although

EB= Ar— x when B lies between E and A, and E=— k-\-x when E

lies between A and B. Now the angles of the triangle ESB being

given, the ratio of BE to BS is known. We may call this ratio z:d.

Then BS =^+^ and CS = * + * + *?„ When S lies between B
z z

ZV (lk — (fX
and C we have CS= —

, and when C lies between B and S
z

we have CS= ~ %y + ~^-^-. The angles of the triangle FSC are
z

known, and hence, also the ratio of CS to CF, or z : e. Therefore,

Q-p __
ezy + + (X

Likewise, AG or / is given, and BG= Z

—

x.
z2

Also, in triangle BGT, the ratio of BG to BT, or z :f, is known. There-

fore, BT=-^^ and CT—^ +//~/x
. In triangle TCH, the ratio

'
z z

of TC to CH, or z :g, is known/ 481 whence CH =W +WS*X
.

(4T] We have

CS = y+ BS

, dk-\-dx=y+—r-

zy-\-dk-\-dx

z
'

and similarly for the other cases considered below.

The translation covers the first eight lines on the original page 312 (page 32

of this edition.

1481
It should be noted that each ratio assumed has s as antecedent.
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CD fera -{-*-£> Aprcs cela pourceque les lignes A B,

A D, &E F font donne'es par poficion, la diftauce qui eft

entrelespoins A & E eftaufTydonne'e, & fi onlanom-
me K, on aura E B efgal a ^-f- x, mais ce feroit ^~ x , fi

le point B toniboit entreE & A;& « J^-h xfiE tomboit

entreA & B. Et pourceque les angles du triangle E S B
font tous donne's , la proportion de B E a B S eft aufly

donne'e, & ie la pofe comme ^kd , fibienque BS eft

, & la toute C S eft -*

—

; mais ce leroit

ly.-dk-dx

x.y >i> dk <ii dx

,fi le point S tomboit entreB & Cj& ce feroit

, Ci C tomboit entre B 8c S. De plus les

trois angles du triangle F S Cfont donne's, & en fuite k
pro-
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proportion de C S a C F, qui foit corame dc % a e

t & la

touteCFfera —
. En melnie facon AG

que ic nomme /eft donnee, &B G eft / -- x\ & a caufe

du triangle BGT la proportion de BG a B T eft aufly

fl—fx
donnee, qui foit comme de \ a f. &B Tfera — ,&

q Tjo ^*^" . Puisderechef la proportion de TC a

C H eft donnee , a caufe du triangleT CH , & la pofant

comme de ^a g, on aura CH so —
.

Etainfivousvoye's, qu'entel nombrede lignes don-

ne'csparpofitionqu'onpuifleauoir, routes Ies lignes ti-

rees deffus du point C a angles donne's fuiuant la teneur

delaqueftion ,fepeuuent toufiours exprimer chafcune

par trois termesj dont l'vn eft compofe'de la quantity in-

connue yf multiplied , ou diuifee par quelque autre

connue; & l'autre de la quantite' inconnue x, aufly mul-

tiplie'eou diuifee par quelque autre connue , & le trofie£

me d'vne quantite' toute connue. Excepte feulement fi

elles font paralleles • oubien a la ligneAB , auquel cas le

tcrme compofe'de la quantite x feranul
;
oubien a la li-

gne C B, auquel cas celuy qui eft compofe'de la quantite'

y fera nul
;
ainfi qu'il eft trop manifeftcpour que iem are-

fte a l'expliquer. Et pour les fignes •+-, & - ,
qui fe ioi-

gnentacestermes,ilspeuuent eftre change's en toutes

les famous imaginables.

Puis vous voye's aufly, que mnitipliant plufieurs de

ces lignes I'vne par l'autre, les quantite^ x&y, qui fe

trouuentdansleproduit,n'ypeuuentauoir que chafcu-

ne autantde dimenfions, qu'ily a eu de lignes , a 1'expli-

cation
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And thus you see that, no matter how many lines are given in posi-

tion, the length of any such line through C making given angles with

these lines can always be expressed by three terms, one of which con-

sists of the unknown quantity y multiplied or divided by some known
quantity

; another consisting of the unknown quantity x multiplied or

divided by some other known quantity ; and the third consisting of a

known quantity.
1491 An exception must be made in the case where the

given lines are parallel either to AB (when the term containing x van-

ishes), or to CB (when the term containing y vanishes). This case is

too simple to require further explanation.m The signs of the terms

may be either + or — in every conceivable combination.m

You also see that in the product of any number of these lines the

degree of any term containing x or y will not be greater than the num-
ber of lines (expressed by means of x and y) whose product is found.

Thus, no term will be of degree higher than the second if two lines

be multiplied together, nor of degree higher than the third, if there be

three lines, and so on to infinity.

[48] That is, an expression of the form ax+ by+ c, where a, b, c, are any real

positive or negative quantities, integral or fractional (not zero, since this exception

is considered later).
fM1 The following problem will serve as a very simple illustration : Given three

parallel lines AB, CD, EF, so placed that AB is distant 4 units from CD, and CD
is distant 3 units from EF ; required to find a point P such that if PL, PM, PN

be drawn through P, making angles of 90°, 45°, 30°, respectively, with the

parallels. Then PM2= PL. PN.

LetPR = y,thenPN = 2y,PM = V2(3,'-r-3),PL=:y-|-7. If PM 2 =PN.PL,

we have I ^t(y+ 3) =2y(y+ 7), whence y = 9. Therefore, the point P lies on

the line XY parallel to EF and at a distance of 9 units from it. Cf. Rabuel, p. 79.

'BI) Depending, of course, upon the relative positions of the given lines.
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Furthermore, to determine the point C, but one condition is needed,

namely, that the product of a certain number of lines shall be equal to,

or (what is quite as simple), shall bear a given ratio to the product of

certain other lines. Since this condition can be expressed by a single

equation in two unknown quantities,
1521 we may give any value we please

to either x or y and find the value of the other from this equation. It

is obvious that when not more than five lines are given, the quantity x,

which is not used to express the first of the lines can never be of degree

higher than the second.m

Assigning a value to y, we have x2— ± ax rfc b 2
, and therefore x

can be found with ruler and compasses, by a method already explained.m

If then we should take successively an infinite number of different

values for the line y, we should obtain an infinite number of values for

the line x, and therefore an infinity of different points, such as C, by

means of which the required curve could be drawn.

This method can be used when the problem concerns six or more

lines, if some of them are parallel to either AB or BC, in which case

1521 That is, an indeterminate equation. "De plus, a cause que pour determiner

le point C, il n'y a qu'une seule condition qui soit requise, a sgavoir que ce qui est

produit par la multiplication d'un certain nombre de ces lignes soit egal, ou (ce qui

n'est de rien plus mal-aise) ait la proportion donnee, a ce qui est produit par la

multiplication des autres; on peut prendre a discretion l'une des deux quantitez

inconnues x ou 3?, & chercher l'autre par cette Equation." Such variations in the

texts of different editions are of no moment, but are occasionally introduced as

matters of interest.

m Since the product of three lines bears a given ratio to the product of two

others and a given line, no term can be of higher degree than the third, and there-

fore, than the second in x.
[M1 See pages 13, et seq.
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cation defquelles elles feruent
,
qui ont efte ainfi multi-

pliers: enforce qu'eUesnVturontiamais plus de deux di-

mensions, en cequi ne /era produit que par la multipli-

cation dc deux lignes; ny plus de trois , ence qui ne fera

produit que par la multiplication de trois , & ainfi a i'in-

fini

.

De plus, a caufe que pour determiner le point C, il
ontT^ul

n'ya qu'vne feule condition qui foit requife , a fcauoir que «
que cequi eft produit par la multiplication d'vn certain £J°U

"

nombre de ces lignes (bit efgal , ou (cequi n eft de rien plan, lorf-

plus malayfe) ait la proportion donne'e , k ce qui eft pro- j}^
11 cft

duit par la multiplication des autresj on peut prendre a propofe

difcretion l'vne des deux quantite's inconnues xou y , & Jljgnes.

6

chercher l'autre par cete Equation, en laqueile il eft eui-

dent que lorfque la queftion n'eft point propofee en plus

de cinq lignes, la quantity a; qui ne fert point a l'cxpref-

fion de la premiere peut toufiours n'y auoir que deux di-

tnenfions. defajonqueprenant vne quantity connue
poury, ilne refteraque xx oo -f- ou— ax -+- on

—

b b. &
ainfi onpourra trouuer la quantity x auec la reigle &Ie
compas,enlafacontantoft expliquee. Mefine prenant

fucceffiuement infiniesdiuerfes grandeurs pour laligne

y% on en trounera aufly infinies pourla ligne x,8c ainfi on
auravne infinitude diuers poins , tels que celuy qui eft

marque* C , par le moyen defquels on defcrira la ligne

courbe demandde.

II fe peut faire aufiy, la queftion eftantpropofee en fix,

ou plus grand nombre de lignes
;
s'ily en a entre les don-

ndes, quifoientparalleles a B A, ou B C , quelVne des

deux quantite's x ou y n'ait que deux dimenfions en

Rr TEqua-
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I'Equation,& ainfi qu'on puifTe trouuuer le point C auec

la reigle & le compas. Mais aucontraire fi elles font tou-

tesparalleles , encore que la queftion ne foit propofee

qu'en cinq lignes, ce point C nepourra ainfi eftre trou-

ue, a caufe que la quantity x ne fe trouuant point en toil-

tel*Equation,ilneferapluspermisde prendre vne quan-

tity connue pour celle qui eft nommeley , mais ce fera

elle qu'il faudra chercher. Et pource quelle aura trois di-

mensions, on ne la pourra trouuer qu'en tirant la racinc

d'vneEquation cubique. cequi ne fe peut generalemenr

faire fans qu'on y employe pour le moins vne fection co-

nique. Et encore qu'il y ait iufques a neuf lignes don-

ne'es,pourvuqu*eIles ne foient point toutes parallels, on

peut toufionrs faire que I'Equation ne monte que iufques

auquarre'dequarre\ au moyen dequoy on lapeutaufly

toufiours refoudre par ies fedtions coniques , en la fa§on

quei'expliqueraycyapres. Et encore qu'il yen ait iu£

quesatreize,onpeut toufiours faire quelle ne monte

que iufques auquarre'de cube, en fnite de quoy on la

peut refoudre par le moyen dVne ligne
,
quin'eftque

d'vn degre'plus compofee que les fe&ions coniques , en

la fac,on que i'expliquerayaufly cy aprds. Et cecy eft la

premiere partiede ceque i'auois icy a demonftrer j,
mais

auant que ie pafle a la feconde il eft befoin que ie dio

quelquechofe en general dela nature des lignes cour-

ses.

LA
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either x or y will be of only the second degree in the equation, so that

the point C can be found with ruler and compasses.

On the other hand, if the given lines are all parallel even though a

question should be proposed involving only five lines, the point C can-

not be found in this way. For, since the quantity x does not occur at

all in the equation, it is no longer allowable to give a known value to y.

It is then necessary to find the value of y.
{W] And since the term in y

will now be of the third degree, its value can be found only by finding

the root of a cubic equation, which cannot in general be done without

the use of one of the conic sections. 1"1

And furthermore, if not more than nine lines are given, not all of

them being parallel, the equation can always be so expressed as to be

of degree not higher than the fourth. Such equations can always be

solved by means of the conic sections in a way that I shall presently

explain. 1"1

Again, if there are not more than thirteen lines, an equation of degree

not higher than the sixth can be employed, which admits of solution by

means of a curve just one degree higher than the conic sections by a

method to be explained presently.
1"1

This completes the first part of what I have to demonstrate here, but

it is necessary, before passing to the second part, to make some general

statements concerning the nature of curved lines.

[56] That is, to solve the equation for y.
1M]

See page 84.
[B7]

See page 107.

lM1 This line of reasoning may be extended indefinitely. Briefly, it means that

for every two lines introduced the equation becomes one degree higher and the

curve becomes correspondingly more complex.
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Geometry
BOOK II

On the Nature of Curved Lines

THE ancients were familiar with the fact that the problems of geom-

etry may be divided into three classes, namely, plane, solid, and linear

problems.m This is equivalent to saying that some problems require

only circles and straight lines for their construction, while others

require a conic section and still others require more complex curves.
1801

I am surprised, however, that they did not go further, and distinguish

between different degrees of these more complex curves, nor do I see

why they called the latter mechanical, rather than geometrical. 1"1

If we say that they are called mechanical because some sort of instru-

ment [M)
has to be used to describe them, then we must, to be consistent,

[so] ££ Pappus, Vol. I, p. 55, Proposition 5, Boole III : "The ancients consid-

ered three classes of geometric problems, which they called plane, solid, and linear.

Those which can be solved by means of straight lines and circumferences of circles

are called plane problems, since the lines or curves by which they are solved have
their origin in a plane. But problems whose solutions are obtained by the use of

one or more of the conic sections are called solid problems, for the surfaces of solid

figures (conical surfaces) have to be used. There remains a third class which is

called linear because other 'lines' than those I have just described, having diverse

and more involved origins, are required for their construction. Such lines are the

spirals, the quadratrix, the conchoid, and the cissoid, all of which have many impor-

tant properties." See also Pappus, Vol. I, p. 271.
1601 Rabuel (p. 92) suggests dividing problems into classes, the first class to

include all problems that can be constructed by means of straight lines, that is,

curves whose equations are of the first degree ; the second, those that require curves

whose equations are of the second degree, namely, the circle and the conic sec-

tions, and so on.
[ra]

Cf. Encyclopedic ou Dictionnaire Raisonne des Sciences, des Arts et des

Metiers, par une Societe de gens de lettres, mis en ordre et publiees par M. Diderot,

et quant a la Partie Mathematique par M. d'Alembert, Lausanne and Berne, 1780.

In substance as follows: "Mechanical is a mathematical term designating a con-

struction not geometric, that is, that cannot be accomplished by geometric curves.

Such are constructions depending upon the quadrature of the circle.

The term, mechanical curve, was used by Descartes to designate a curve that

cannot be expressed by an algebraic equation." Leibniz and others call them
transcendental.

m "Machine."
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GEOMETRIE.
L1VRE SECOND.

jD* la nature des lignes combes*

LE s ancieas out fort bien remarque , qu'cntre les

Problcfines de Geometrie, les vns font plans , les au- Queiics

tres folides,& ies autres lineaires, c'eft a dire,que les vns 1°™*

peuuent eftre conftruirs, ennetrac,ant que des lignes <ourbes

droites, &descerclesjau lieu que les autres ne le peu-
J"« rc-

uent eftre, qu'on n'y employe pour le moins quelque fe- ccuoir cn

dfton conique • ni enfin les autres , qu'on n'y employe „£.

quelque autre ligne plus compofee. Mais ie m'eftonne

decequ'ilsn'ont point outre cela diftingud diuers de-

grees entre ces lignes plus composes , & ie ne f^aurois

comprendre pourquoy ils les ont nomme'es mechani-

ques, plutoft que Geometriques. Car de dire que c/ait

efte', a caufe qu'il eft befoin de fe feruir de quelque ma-

chine pour les defcrire, il faudroit reietter par mefme

raifon les cercles& les lignes droites
;
vu qu'on ne les de-

fcrit fur le papier qu'auec vn compas,& vne rcigle, qu'on

peut auflynommer des machines. Ce n'eft pas non plus,

a caufe que les inftrumens, qui feruent a les tracer,eftant

pluscompofesquelareigleSc le compas , ne peuuent

eftre fi iuftes ;
car ilfaudroit pour cete raifon les reietter

des Mechaniques, ou la iuftefTe des ouurages qui fortent

delamaineftdefireej plutoft que de la Geometrie , ou

c'eft feulement la iuftefle du raifonnemet qu'on recher-

Rr 2 die,
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che, & qui peut fans doute eftre auffy parfaite touchant
ces iignes

, que touchant les autres. Ie ne diray pas aufTy,

quecefoita caufequils nont pas voulu augmenter Ic

nombredeleursdemandes , & qu'ils fe fontcontented
qu'onleuraccordaft, qu'ils pufTent ioindre deux poins
donne's par vne ligne droite , & defcrire vn cercle d'wi
centre donne', qui paflaft par vn point donne'.car ils n'ont
point fait de fcrupule de fuppofer outre cela,pour traiter

des fe&ionsconiques
, quon puft coupper tout cone

donne'parvn plan donne'. Stilneft befoin de rien fup-

pofer pour tracertoutes les Iignes courbes
, que ie pre-

tens icy d'introduire; finon que deux ou plufieurs Iignes
poiflent eftre meues lVne par Fautre , & que leurs inter-
ferons en marquentd'autres.? ce quine me paroift en
rien plus difficile. 11 eft vray qu'ils n'ont pas aufly entie-

rementreceules fe&ions coniques en leur Geometrie,

& ie ne veux pas entreprendre de changer les noms qui

ont efte'appronuc& par l'vfage
; mais il eft, ceme femble,

tresclair, queprenant comme on fait pour Geometri-
que ce qui eft precis & exacT: , & pour Mechanique
ce quine Peft pas

5 & confiderant la Geometrie comme
vne fcience, qui enfeigne generalement a connoiftre les

mefures de toas les cors, on n en doit pas plutoft exclure

les Iignes les pluscompofees que les plus ltmples, pourvA
qu'on les puifleimaginer eftre defcrites par vn mouue*
ment continu, ou par plufieurs qui s'entrefuiuent& dont
lesderniersfoient entierement regies par ceus qui les

precedent, car par ce moyen on peut toufiours auoir

vne connoiftance exacte de leur mefure. Mais peuteftre

quecequiaempefche'lesanciens Geometres de re§e-

uoir
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reject circles and straight lines, since these cannot be described on
paper without the use of compasses and a ruler, which may also be

termed instruments. It is not because the other instruments, being

more complicated than the ruler and compasses, are therefore less

accurate, for if this were so they would have to be excluded from
mechanics, in which accuracy of construction is even more important

than in geometry. In the latter, exactness of reasoning alone 1"1

is

sought, and this can surely be as thorough with reference to such lines

as to simpler ones. 1"1

I cannot believe, either, that it was because they

did not wish to make more than two postulates, namely, ( 1 ) a straight

line can be drawn between any two points, and (2) about a given center

a circle can be described passing through a given point. In their treat-

ment of the conic sections they did not hesitate to introduce the assump-

tion that any given cone can be cut by a given plane. Now to treat all

the curves which I mean to introduce here, only one additional assump-

tion is necessary, namely, two or more lines can be moved, one upon

the other, determining by their intersection other curves. This seems

to me in no way more difficult."
81

It is true that the conic sections were never freely received into

ancient geometry, 1**1 and I do not care to undertake to change names

confirmed by usage ; nevertheless, it seems very clear to me that if we

make the usual assumption that geometry is precise and exact, while

mechanics is not
j

1"1 and if we think of geometry as the science which

furnishes a general knowledge of the measurement of all bodies, then

we have no more right to exclude the more complex curves than the

simpler ones, provided they can be conceived of as described by a con-

tinuous motion or by several successive motions, each motion being

completely determined by those which precede ; for in this way an exact

knowledge of the magnitude of each is always obtainable.

m An interesting question of modern education is here raised, namely, to what
extent we should insist upon accuracy of construction even in elementary geometry.m Not only ancient writers but later ones, up to the time of Descartes, made
the same distinction; for example, Vieta. Descartes's view has been universally

accepted since his time.
i«] That is, in no way less obvious than the other postulates.m Because the ancients did not believe that the so-called constructions of the

conic sections on a plane surface could be exact.
In] Since it is not possible to construct an ideal line, plane, and so on.
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Probably the real explanation of the refusal of ancient geometers to

accept curves more complex than the conic sections lies in the fact that

the first curves to which their attention was attracted happened to be

the spiral,"*
1 the quadratrix, 1

"*1 and similar curves, which really do

belong only to mechanics, and are not among those curves that I think

should be included here, since they must be conceived of as described

by two separate movements whose relation does not admit of exact

determination. Yet they afterwards examined the conchoid, 1™1 the

cissoid, 1"1 and a few others which should be accepted ; but not knowing

much about their properties they took no more account of these than

of the others. Again, it may have been that, knowing as they did only

a little about the conic sections,
1
"1 and being still ignorant of many of

the possibilities of the ruler and compasses, they dared not yet attack

a matter of still greater difficulty. I hope that hereafter those who are

clever enough to make use of the geometric methods herein suggested

will find no great difficulty in applying them to plane or solid problems.

I therefore think it proper to suggest to such a more extended line of

investigation which will furnish abundant opportunities for practice.

Consider the lines AB, AD, AF, and so forth (page 46), which we

may suppose to be described by means of the instrument YZ. This

instrument consists of several rulers hinged together in such a way that

YZ being placed along the line AN the angle XYZ can be increased or

decreased in size, and when its sides are together the points B, C, D,

E, F, G, H, all coincide with A ; but as the size of the angle is increased,

[os]
See Heath, History of Greek Mathematics (hereafter referred to as Heath)

.

Cambridge, 2 vols., 1921. Also Cantor, Vorlesungen iiber Geschichte der Mathe-

matik, Leipzig, Vol. I (2), o. 263, and Vol. II (1), pp. 765 and 781 (hereafter

referred to as Cantor)

.

m See Heath, I, 225 ; Smith, Vol. II, pp. 300, 305.
[701 See Heath, I, 235, 238 ; Smith, Vol. II, p. 298.

"1] See Heath, I, 264; Smith, Vol. II, p. 314.
[W1 They really knew much more than would be inferred from this statement.

In this connection, see Taylor, Ancient and Modern Geometry of Conies, Cam-

bridge, 1881.
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uoircellesquieftoient plus compofeesque lesfe&ions

coniques, c'eftqneles premieres qu'ils ont confiderees,

ayantparhafardeftelaSpirale, la Quadratrice , & fem-
blables , qui n'appartienent veritablement qu'aux Me-
chaniques,&nefont point du nombre de celles que ie

penfe deuoir icy eftre receues, a caufe qu on les imagine

defcrites par deux mouuemens fepares, & qui n'ont en»

treeuxaucun raport qu'on puifle mefurer exa&ement,

bienqu'ilsayentapres examine* la Conchoide , la Ciflbi-

de, & quelque peu d'autres qui en font , toutefois a cau-

fe qu'ils n'ont peuteftre pas afles remarque* leurs pro-

priety , its n'en ont pas fait plus d'eftat que des premie-

res. Oubienc'eftquevoyant
, qu'ils ne connoiflbient

encore , que peu de chofes touchant les fe&ionsconi-

ques,&qu'illeurenreftoitmefme beaucoup, touchant

ce qui fe peut faire auec la reigle & le compas , qu'ils

ignoroient,ils ontcreune deuoir pointentamerdema-

tiere plus difficile. Mais pourceque i'efperc que d'orena-

uant ceux qui auront ladreffe de fe feruirdu calculGeo-

metrique icy propofe , ne trouueront pas afles dequoy

s'arefter touchant les problefmes plans, ou folides- ie

croy qu'il eft a propos que ie les inuite a d'autres re-

cherches , ou ils ne manqueront iamais d'exercice.

Voyesleslignes AB,A D, AF, & femblables queie

fuppofe auoir cfte* defcrites par Tayde de l'inftrument

Y Z, qui eft compofe' de plulieurs reigles tellement ioin-

res, quecellequi eft marquee YZ eftant arefte*e fur la

ligne A N,on peut ouurir& fermer TangleXYZ
; &que

lorfqu'ileft tout ferine* , les poins B, C, D, F, G,H font

tous aflembies au point A ; mais qua mefure qu'on

Rr 3 louure,
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Touure, la reigleB C, qui eft iointe a angles droits auec
XYau point B, poufle vers Z la reigle C D , qui coule
furY Z enfaifant toufiours des angles droits auec elle,&

C D poufleD E, qui coule toutde mefme furYX en de-
nieurant parailele a B C,D E poufle E F,E F poufleF G,
cellecy poufleG H. & on en peutconceuoir vne infinite'

d'autres*, qui fe pouflent confequutiuement en mefme
facon, &dontlesvnesfacent toufiours les mefmes an-

gles auec YX, &les autres auec YZ. Or pendantqu'on

ouureainfi Tangle X YZ,le point B defcrit la ligne AB,
qui eft vn cercle, & les autres poins D>F, H, ou fe font

les interjections des autres reigles , defcriuent d'autres

lignes courbes A D, A F, AH ,dont les dernieres font

par ordre plus copofees que la premiere,& cellecy plus

que le cercle. mais ie ne voy pas ce qui pcut empefcher,

qti'on ne concoiuc aufly nettement , & aufly diftindte-

ment la defcription de cete premiere,que du cercle , ou
du
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the ruler BC, fastened at right angles to XY at the point B, pushes

toward Z the ruler CD which slides along YZ always at right angles.

In like manner, CD pushes DE which slides along YX always parallel

to BC ; DE pushes EF ; EF pushes FG ; FG pushes GH, and so on.

Thus we may imagine an infinity of rulers, each pushing another, half

of them making equal angles with YX and the rest with YZ.

Now as the angle XYZ is increased the point B describes the curve

AB, which is a circle; while the intersections of the other rulers,

namely, the points D, F, H describe other curves, AD, AF, AH, of

which the latter are more complex than the first and this more complex

than the circle. Nevertheless I see no reason why the description of

the first
178

' cannot be conceived as clearly and distinctly as that of the

circle, or at least as that of the conic sections ; or why that of the sec-

ond, third, 1'4
' or any other that can be thus described, cannot be as

clearly conceived of as the first ; and therefore I see no reason why
they should not be used in the same way in the solution of geometric

problems."11

m That is, AD.
p4] That is, AF and AH.
1761 The equations of these curves may be obtained as follows: (1) Let
*

*•*

YA = YB — o, YC = x, CD =y, YD = s ; then s : x— x : a, whence z = —

.

a
Also z2 = x2 + y2

; therefore the equation of AD is x* = a2 (x2+ y2 ). (2) Let

YA = YB = o, YE = *, EF = y, YF = *. Then z:x = x:YD, whence

YD =— . Also
z

x : YD = YD : YC, whence YC= K2 + x = ^\
zl zi

But YD : YC = YC : o, and therefore

ax2 /^\2 a l~i

Also, z2 = x2+ y
2

. Thus we get, as the equation of AF,

^/—-= x2 -\-y2
, or x 8 = a2 (x2+ y

2
)
3

.4
(3) In the same way, it can be shown that the equation of AH is

xl2 = a2 (x2 +y2
)
5

.

See Rabuel, p. 107.
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I could give here several other ways of tracing and conceiving a

series of curved lines, each curve more complex than any preceding

one/
7*1 but I think the best way to group together all such curves and

then classify them in order, is by recognizing the fact that all points of

those curves which we may call "geometric," that is, those which admit

of precise and exact measurement, must bear a definite relation 1"1 to

all points of a straight line, and that this relation must be expressed by

means of a single equation.
1781

If this equation contains no term of

higher degree than the rectangle of two unknown quantities, or the

square of one, the curve belongs to the first and simplest class,
[TO1 which

contains only the circle, the parabola, the hyperbola, and the ellipse;

but when the equation contains one or more terms of the third or fourth

degree'™1
in one or both of the two unknown quantities

1811
(for it

requires two unknown quantities to express the relation between two

points) the curve belongs to the second class ; and if the equation con-

tains a term of the fifth or sixth degree in either or both of the unknown

quantities the curve belongs to the third class, and so on indefinitely.

i*»j "Qu i seroient de plus en plus composees par degrez a l'infini." The French

quotations in the footnotes show a few variants in style in different editions.

17,1 That is, a relation exactly known, as, for example, that between two straight

lines in distinction to that between a straight line and a curve, unless the length

of the curve is known.
tTO1

It will be recognized at once that this statement contains the fundamental

concept of analytic geometry.
ito] "j)u prem ier & pius simple genre," an expression not now recognized. As

now understood, the order or degree of a plane curve is the greatest number of

points in which it can be cut by any arbitrary line, while the class is the greatest

number of tangents that can be drawn to it from any arbitrary point in the plane.
1801 Grouped together because an equation of -the fourth degree can always be

transformed into one of the third degree.
[M1 Thus Descartes includes such terms as x-y, x2y-, . . as well as xs

,
y*
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du moms que des fe&ions coniquesj ny ce qui peut em-
pefcher, qu'on ne concoiue la feconde , & la troifiefme,

Sctoutes les autres, qu'on peut defcrire, aufTy bicn que
la premiere; ny par consequent qu'on ne les recoiue

toutes en mefme fa§on
,
pour feruir aux fpeculations de

Geometric

Ie pourrois mettre icy plufieurs autres moyens pour La facon

tracer Sccon^euoir des lignes courbcs
,
qui feroient dej^f^

plus en plus composes par degrees a 1 infini. mais pour^s les ii-

comprendre enfemble toutes celles, qui font en la natu- f"*

sc

en
Ur"

re , & les drftiuguer par ordre en certains genres j ie ne certains

f^ache rien de ineilleur que de dire que tous les poins,de ^ccla-
^

celles qu'on peut nommer Geometriques , e'eft a dirc noiftrc Ic

qui tombent (bus quelque meflire preeife & exa&e, ontquont

neceffairement quelque rapport a tous les poins d'vne-
to"s ,eurs

lignedroite, qui peut eftre exprimepar quelque eqna-«urdes

tion, en tous par vne mefrne, Et que lorfque cete equa^ Jf^,
tion ne monte que iufques au rectangle de deux quanta

te'sindeterminees, oubienauquarre'dVnemefme, la li-

gne courbe eft du premier& plus fimple genre , dans le-

quelilnyaquele cercle, la parabole, 1'hyperbole , &
l'Ellipfe qui foient comprifes. mais que lorfque l'equa-

tion monteiufques a la trois ou quatriefme dimenfion

des deux,ou de Pvne des deux quanrite's indetermiuees,

car il en faut deux pour expliquer icy Ie rapport dVn

point a vn autre,elie eft du fecond:& que lorfque l'equa-

tion monte iufques a la y ou fixiefme dimenfion, elle

e& du troifiefme,- & ainfi des autres a l'infini.

Comrae fi ie veux fc^uoir de quel genre eft la ligne

E C, que i'imagine eftre defcrite pat ftnterfection de la

reigte-
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reigleG L, & du pJan re&iligneCNKL, dontle cofte

KN eftindefiniement prolongd ve rs C , & qui eftarrt

meu far lcplande deffous en ligne droite , c'efta dire ea

telle forte que fon diametreKJL fe trouue toufiours ap-

plique'furquelque endroit de la ligne BA prolongate de

part &d'autre, fait mouuoir circulairement cete reigle

GL autour du point G, a caufe quelle luy eft tellement

iointe quelle paffe toufiours par le point L. Ie choifis

vne ligne droitCjCommeA B,pour rapporcera fes diuers

poinstousceux de cete ligne courbeEC, &en cete li-

gneAB ie choifis vn point,comme A ,pour commencer

par luy ce calcul. Ie dis que ie choifis & l'vn& lautre , a

caufe qu'il eft libre de les prendre tels qu'on veult. car

encore qu'il y ait beaucoup de choix pour rendre 1'equa-

tion plus courte,& plus ayfdej toutefois en quelle fa§on

qu'on les prene, on peut toufiours faircque la ligne pa-

roifiede meiine genre, ainfi qu'il eft ayfe' a demonftrer.

Aprcfs
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Suppose the curve EC to be described by the intersection of

the ruler GL and the rectilinear plane figure CNKL, whose side

KN is produced indefinitely in the direction of C, and which, being

moved in the same plane in such a way that its side'
8*1 KL always coin-

cides with some part of the line BA (produced in both directions),

imparts to the ruler GL a rotary motion about G (the ruler being

hinged to the figure CNKL at L).
tM1

If I wish to find out to what

class this curve belongs, I choose a straight line, as AB, to which to

refer all its points, and in AB I choose a point A at which to begin the

investigation. 1**1
I say "choose this and that," because we are free to

choose what we will, for, while it is necessary to use care in the choice

in order to make the equation as short and simple as possible, yet no

matter what line I should take instead of AB the curve would always

prove to be of the same class, a fact easily demonstrated. 1
*1

m "Diametre."
m The instrument thus consists of three parts, (1) a ruler AK of indefinite

length, fixed in a plane; (2) a ruler GL, also of indefinite length, fastened to a

pivot, G, in the same plane, but not on AK ; and (3) a rectilinear figure BKC, the

side KC being indefinitely long, to which the ruler GL is hinged at L, and which

is made to slide along the ruler GL.
l*° That is, Descartes uses the point A as origin, and the line AB as axis of

abscissas. He uses parallel ordinates, but does not draw the axis of ordinates.
t,sl That is, the nature of a curve is not affected by a transformation of

coordinates.
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Then I take on the curve an arbitrary point, as C, at which we will

suppose the instrument applied to describe the curve. Then I draw

through C the line CB parallel to GA. Since CB and BA are unknown

and indeterminate quantities, I shall call one of them y and the other x.

To the relation between these quantities I must consider also the known

quantities which determine the description of the curve, as GA, which

I shall call a ; KL, which I shall call b ; and NL parallel to GA, which

I shall call c. Then I say that as NL is to LK, or as c is to b, so CB, or

y, is to BK, which is therefore equal to -y. Then BL is equal to

-y— b, and AL is equal to x -f - y— b. Moreover, as CB ij to LB,

that is, as y is to - y— b, so AG or a is to LA or x -\- - y— b: Multi-

ab
plying the second by the third, we get — y— ab equal to

xy + -y2— by,

which is obtained by multiplying the first by the last. Therefore, the

required equation is

y- — cy t- y + ay— oc.
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A pre's ceia prenantvn point a difcretion dans la courbe,

comme C, fur lequel ie fuppofe que l'inftrument qui fere

a la defcrire eft applique', ie tire de ce point Clalignc

C B parallele aGA, &pourceque CB & BA font deux

quantites indeterminees & inconnues , ie les nomme
1'vne^ Sd'autre*. maisaffin de trouuer le rapport de

IVneaPautrcjieconfidere aufly les quantite's connues

qui determinent la defcription de ccte ligne courbe,

commeGA que ienomme a, K L que ie nomme b , &
N L paralleledG A que ienomme c. puis ie dis, comme
NLeftaLK,ou*a£,ainfiCB,ouy,eftaBK, qui eft

parconfequent-^: &BLeft— y~ b 3 & A* Lcft*+

—y — b. de plus commeC B eft aL B, ou^ a ~y~b, ainli

axouG A, eft a* L A, ou x -+-—y — £. de fa^on que mul-

SC tipliant
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tip liant lafeconde par la troifieftne onprodujt -j-y— ait

qui eft efgale axy-h^yy— by qui fe produiten multi-

pliant la premierepar la derniere.& ainfi l'equationqu'il

falloittrouuereft .

yyacy-j-y-i-vy-a*.

delaquelle onconnoift quelaligneEC eft do premier

genre , comme en effect elie n'eft autre qu'vne Hy-
perbole.

Que fi en Tinftrument qui fert a la defcrire on fait

qu*aulieudelalignedroiteCN K, ce ibit cete Hyper-
bole, ouquelqueautre ligne courbe du premier genre,

qui terminele plan CNKL; HnterfaStiondecete ligne

&de la reigleGL defcrira, au lieu de l'Hyperbole E C,
vne autre ligne courbe, qui feradu fecond genre. Com-
me fiCN K eft vu cercle, dontL (bit le centre , on de-
fcrira lapremiere Conchoidedes anciens

; &fi ceft vne
Parabole dont lediametre foitK B , oii defcrira la ligne

courbe, que i'aytantoft diteftre la premiere,& la-plus

fimple pourla queftton dePappus^orfqu'il n'y a quecinq
lignes droites donnees par pofition. Mais fi au lieu d'vne

deceslignes courbesdu premier genre , e'en eft vne du
fecond, qui termine le plan CN K L, on en defcrira par
fon moyen vne du troifiefme, ou R e'en eft vne du troifi-

cfme, oiren defcrira vne du quatriefme, &*ainfi a Tinfini.

comme il eft fort ayfe'a connoiftrepar le calcul. Et en
quelque autre fagon, qu'on imagine la defcriptiou d'vne

Ugne courbe , pourvftqu'ellefoitdunombredecelles

qucienomme Geometriques , onpourratoufiourstrou-

uer
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From this equation we see that the curve EC belongs to the first class,

it being, in fact, a hyperbola.
1881

If in the instrument used to describe the curve we substitute for the

rectilinear figure CNK this hyperbola or some other curve of the first

class lying in the plane CNKL, the intersection of this curve with the

ruler GL will describe, instead of the hyperbola EC, another curve,

which will be of the second class.

Thus, if CNK be a circle having its center at L, we shall describe

the first conchoid of the ancients,
1871 while if we use a parabola having

KB as axis we shall describe the curve which, as I have already said,

is the first and simplest of the curves required in the problem of Pappus,

that is, the one which furnishes the solution when five lines are given

in position. 1'81

l™} Cf. Briot and Bouquet, Elements of Analytical Geometry of Two Dimen-
sions, trans, by J. H. Boyd, New York, 1896, p. 143.

The two branches of the curve are determined by the position of the triangle

CNKL with respect to the directrix AB. See Rabuel, p. 119.

Van Schooten, p. 171, gives the following construction and proof : Produce
AG to D, making DG = EA. Since E is a point of the curve obtained when
GL coincides with GA, L with A, and C with N, then EA = NL. Draw DF
parallel to KC. Now let GCE be a hyperbola through E whose asymptotes

are DF and FA. To prove that this hyperbola is the curve given by the instru-

ment described above, produce BC to cut DF in I, and draw DH parallel to AF

A
meeting BC in H. Then KL : LN = DH : HI. But DH = AB = x, so we may

write b : c= x : HI, whence HI =—, IB'=a+ c ~, IC= o+ <:
—-r— y.

But in any hyperbola IC.BC = DE.EA, whence we have (a+c ?-—y)y= ae,

cxy
or y2 = cy r-+ ay— ac. But this is the equation obtained above, which is

therefore the equation of a hyperbola whose asymptotes are AF and FD.
Van Schooten, p. 172, describes another similar instrument: Given a ruler

AB pivoted at A, and another BD hinged to AB at B. Let AB rotate about A
so that D moves along LK; then the curve generated by any point E of BE will

be an ellipse whose semi-major axis is AB+ BE and whose semi-minor axis is

AB— BE.
1871 See notes 59 and 70.
,"1 For a discussion of the elliptic, parabolic, and hyperbolic conchoids see

Rabuel, pp. 123, 124.
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If, instead of one of these curves of the first class, there be used a

curve of the second class lying in the plane CNKL, a curve of the third

class will be described ; while if one of the third class be used, one of

the fourth class will be obtained, and so on to infinity.
1™1 These state-

ments are easily proved by actual calculation.

Thus, no matter how we conceive a curve to be described, provided

it be one of those which I have called geometric, it is always possible

to find in this manner an equation determining all its points. Now I

shall place curves whose equations are of the fourth degree in the same

class with those whose equations are of the third degree; and those

whose equations are of the sixth degree 1801
in the same class with those

whose equations are of the fifth degree'
911 and similarly for the rest.

This classification is based upon the fact that there is a general rule for

reducing to a cubic any equation of the fourth degree, and to an equa-

tion of the fifth degree 1"21 any equation of the sixth degree, so that the

latter in each case need not be considered any more complex than the

former.

It should be observed, however, with regard to the curves of any

one class, that while many of them are equally complex so that they

may be employed to determine the same points and construct the same

problems, yet there are certain simpler ones whose usefulness is more
limited. Thus, among the curves of the first class, besides the ellipse,

the hyperbola, and the parabola, which are equally complex, there is

also found the circle, which is evidently a simpler curve ; while among
those of the second class we find the common conchoid, which is

described by means of the circle, and some others which, though less

[a>1 Rabuel (p. 125), illustrates this, substituting for the curve CNKL the semi-

cubical parabola, and showing that the resulting equation is of the fifth degree,

and therefore, according to Descartes, of the third class. Rabuel also gives (p. 119),

a general method for finding the curve, no matter what figure is used for CNKL.
Let GA = a, KL= b, AB = *, CB=y and KB = z; then LB = s— b, and
AL= x+ z— b. Now GA:AL= CB:BL, or a : x+ z— b =y : s — b,

, xy— by+ ab
whence z= - —

.

a— y
This value of z is independent of the nature of the figure CNKL. But given

any figure CNKL it is possible to obtain a second value for s from the nature of

the curve. Equating these values of s we get the equation of the curve.
[•»] "Celles dont l'equation monte au quarre de cube."
[»>] "Ceues dont elle ne monte qu'au sursolide."
tM) "Au sursolide."
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nervnc equationpourdeterminer tous fes poms en cere

forte.

Aurefteiemetsles lignes courbes qui font monter

cete equation iufquesauquarre'de quarre' , au mefme
genre que celles qui ne la font monter que iufques au

cube. & celles dont 1'equation monte au quarrd de cu-

be,au mefme genre que celles dont elle ne montequ au
furfolide. & ainfi des autres. Dont la raifon eft, qu'ily a

reigle generate pour rcduire an cube toutes lesdifficul-

teV qui vont au quarre'de quarrd , & au furfolide toutes

celles qui vont au quarre*de cube , de fac,on qu'on ne Ics

doit pointeftimer plus compofees.

Mais il eft a remarquer qu'entre Ies lignes de chafque

genre, encore que la plus part foient efgalement compo-
ses , en forte qu'ellespeuuentferuir a determiner les

mefmes poins,& conftruire les raefmes problefmes ,il y
ena toutefoisauflyquelques vnes , qui font plus fimples3

&qui nontpastantd'eftendueenleurpuiftance. com-
mcentre celles du premiergenre outre 1'Ellipfe l'Hyper-

bole & la Parabole qui font efgalementcompofe;

es ,Ie

cercle y eftauflycompris, qui mauifeftement eft plus

fimpler& entre cellesdu fecond genre ily a la Conchoi-
de vulgaire, qui a fon origine du cerclej & il y en a en-

core quelques autres, qui bien qu'elies n'ayentpas rant

d'eftendue que la plus part de celles du mefme genre,
nepeuuent toutefois eftre mi/es dans le premier.

Or apresauoir ainfi reduit toutes les lignes courbes a
*

c

u

x

hc
,jJ.

certains genres , il m'eft ayie de pourfuiure en la de- tion&fa

monftrationdelarefponfe,queraytanroftfaitealaque-3
c

up^
ftion de Pappus. Car premierement ayant fait voir cy ™feau

Sf l dcflllS, cedent"
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defliis
,

que lorfqu'il n'y a que trois ou 4 lignes dfoites

donndes, I'equation qui fert a determiner les poins Cher-

Che's, ne monte quciufqucs au qnarre
}
il eft euident,que

la ligne courbe ou fe trouuent ces poins, eft neceffaire-

ment quelqu vne de cefles du premier genre:a caufe que

cete mefme equation explique le rapport ,
qu'ont tous

les poins des lignes du premier genre a ccux d'vne ligne

droite. Et que lorfqu'il n'y a point plus de 8 lignes droi-

tes donndes , cete equation ne monte que iufques au

quarredequarre tout au plus, & que par confequent la

Hgne cherchee ne peut eftre que du fecond genre , ou au

deflbus.Et que lorfqu'il n'y a point plus de 1 2 lignes don-

nees , I'equation nemonte que iufques au quarre'de cu-

be^ que par confequent la ligne cherche'e n'cft quedu

troifiefme genre, ouaudeffous. &ainfi desautres. Et

mefme a caufe que la pofition deslignes droites donnees

peut varier en toutes fortes,& parconfequent faire cha-

ger tantles quantite'sconnues, que les fignes •+• & — de

I'equation, en toutes les fa§ons imaginables
; il eft eui-

dentqn'iln'ya aucune ligne courbe du premier genre,

qui ne (bit vtilea cete queftion, quand elle eft propofefe

en4 lignes droites
;
ny aucunedu fecond qui nyfoit vti-

le, quand elle eft propofee en huit; ny du troifiefme,

quand elle eftpropofee en douze: & ainfi desautres. En
forte qu'il n'y a pas vne ligne courbe quitombe fous le

Solution calcul &puifle eftre receiie en Geometrie ,
quin'yfoit

iC
eftion

vt^e Pour que4ue nombre de lignes.

quandeiic Maisilfaut icy plus particulierement queiedetermi-

Jofd/' ne> & donnc la fagon de trouuer la ligne cherchee * qui

qu*en j fert en chafque ca$, lorfqu'il ny a que 3 ou 4 lignes droi-
ou4ii- «*.«
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complicated 19"1 than many curves of the same class, cannot be placed

in the first class."*
1

Having now made a general classification of curves, it is easy for me
to demonstrate the solution which I have already given of the prob-

lem of Pappus. For, first, I have shown that when there are only three

or four lines the equation which serves to determine the required

points'"
61

is of the second degree. It follows that the curve containing

these points must belong to the first class, since such an equation

expresses the relation between all points of curves of Class I and all

points of a fixed straight line. When there are not more than eight

given lines the equation is at most a biquadratic, and therefore the

resulting curve belongs to Class II or Class I. When there are not

more than twelve given lines, the equation is of the sixth degree or
lower, and therefore the required curve belongs to Class III or a lower
class, and so on for other cases.

Now, since each of the given lines may have any conceivable posi-

tion, and since any change in the position of a line produces a corre-

sponding change in the values of the known quantities as well as in

the signs + and — of the equation, it is clear that there is no curve

of Class I that may not furnish a solution of this problem when it

relates to four lines, and that there is no curve of Class II that may not

furnish a solution when the problem relates to eight lines, none of

Class III when it relates to twelve lines, etc. It follows that there is

no geometric curve whose equation can be obtained that may not be

used for some number of lines.
1**1

It is now necessary to determine more particularly and to give the

method of finding the curve required in each case, for only three or

im] «pas tant d'etendue." Cf. Rabuel, p. 113. "Pas tant d'etendue en leur

puissance."
lM] Various methods of tracing curves were used by writers of the seventeenth

century. Among these there were not only the usual method of plotting a curve

from its equation and that of using strings, pegs, etc., as in the popular construc-

tion of the ellipse, but also the method of using jointed rulers and that of using

one curve from which to derive another, as for example the usual method of

describing the cissoid. Cf. Rabuel, p. 138.

t«) That is, the equation of the required locus.
[«*>] «j?n sorte qU'ii n'y a pas une Hgne courbe qui tombe sous le calcul & puisse

etre receue en Geometrie, qui n'y soit utile pour quelque nombre de lignes."
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four given lines. This investigation will show that Class I contains

only the circle and the three conic sections.

Consider again the four lines AB, AD, EF, and GH, given before,

and let it be required to find the locus generated by a point

C, such that, if four lines CB, CD, CF, and CH be drawn through it

making given angles with the given lines, the product of CB and CF

is equal to the product of CD and CH. This is equivalent to saying

that if

CB= y,

CD==
czy + bcx

Z2

^^ ezy 4- dek + dcx
CF=-^2

,

and ca^w +fgi-fff*
m

z1

then the equation is

. ( cfglz— dekz2 )y — ( dez
2
-j- cfgz— begs )xy -\- bcfglx — befgx*

y
ezz— cgz2
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rcsdonodesj & on verra par mefme moyen que le pre-
mier genre deslignes courbes n'encontientaucunes au-
tres, quelestroisfe&ionsconiques.&lecercle.

Reprcnonsles4lignes AB, AD, EF, & GH don-
nccs cy delfts, & qu'il failletrouuervne autre ligne , en
laquelleilfe rencontre vne infinite de poins tels que C,
duquel ayant tire'les4 ligncs C B, CD, C F, & CH , a
angles donnes, fur les donndes, C B multiplied parC F,
produift une fomme efgale a C D , multiplied par C H.

c'eft a dire ayant fcit C B so y, C D oo i
* J '

x

*''
-

It * *
— deizz. "\ -dezzx -) *bhtfglx

Tequatioeft

««*
au
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au moinsen fuppofant e ^plus grand que eg.cav s'il eftoit

moindre, il faudroit changer tous les fignes •+ &c— . Et
fi la quantity fe trouuoit nulle, ou moindre que rienen

cete equation, lorfqu'on afuppofe' Ie point C en Tangle

DAG, il faudroit lefuppoferaufTy en Tangle DA E, on
EA R, ou RA G, en changeant les lignes -f- & -- felon

qu'il feroit requis a cet effect. Et fi en toutes ces 4 po-
rtions la valeurd'^ fe trouuoit nulle, la queftion feroit

impoffible au cas propofe'. Mais fappofons la icy eftre

poffible, & pour en abreger les termes, au lieu d^s quan-

tites , efenuons iw , & au hen de
ez — egzz

dezz*cfgz-bcg7 tn
^ efenuons —,- &: ainfi nous au-

ez—cgz^

tons
i» <i> bcfglx — bcfgxx Arsnf fa rari-yyzozmy-- — xy —-- -—--— » aont la raa

t z— cgzz

neeit

~ nx
, V ,

***»* nn xxm* bcfglx -bcfgxx.
ytx>/w— —-H r mm: z

—-f-
— -

J-2-*-—^— •

•^ * Z ' Z t 5

Scderechefpourabreger , au lieu de
i»» , ^'/g/ r . , ,. . nn ..befa

efcriuons0.,&auheude-v
tz-egzz e.-egzz

efcriuons -. car ces quantite's eftant toutes donnees,

nous les pouuons nommer comme il nous plaift. &
ainfi nous auons

y oom— — x-\-v mm -h ox— -xx, qui doit eftre la

longeur dela ligne B C, en laiffaut A B,ou .vindeter-

mince.

62



SECOND BOOK

It is here assumed that ez is greater than eg; otherwise the signs +
and — must all be changed.""1

If 3; is zero or less than nothing in this

equation, 1"5 the point C being supposed to lie within the angle DAG,
then C must be supposed to lie within one of the angles DAE, EAR,
or RAG, and the signs must be changed to produce this result. If for

each of these four positions y is equal to zero, then the problem admits

of no solution in the case proposed.

Let us suppose the solution possible, and to shorten the work let us

write 2* instead of
dlgz-dekf ^2^,^ q£

dez2 + cfgz-bcgs
ez>— cgzr z ez3— cgz2

Then we have

2 <> 2n bcfglx— befgx2

y = 2my xy 4. —'-*— Lf—3 J
%

J ^ ezs— cgz2
'

of which the root"*1
is

nx \m——+Jrn2 2mnx
,

**
2*2

.
bcfglx— befgx2

ez3— cgz2

Again, for the sake of brevity, put — + —z-^—- equal to o, and
z ' ez3— cgz2 ^

«8 befg p
z*
~

ez3 cqz2
eq t0

m'
for these <luantitie8 bemg given, we can

represent them in any way we please.
11001 Then we have

y=™—^ x +Jm2 + ox + £x2
.

This must give the length of the line BC, leaving AB or x undeter-

[9T) When ez is greater than eg, then e&— cgz* is positive and its square root

is therefore real.
"*J Descartes uses "moindre que rien" for "negative."
lM1 Descartes mentions here only one root ; of course the other root would fur-

nish a second locus.

[100] In a letter to Mersenne (Cousin, Vol. VII, p. 157), Descartes says: "In

regard to the problem of Pappus, I have given only the construction and demon-
stration without putting in all the analysis ; ... in other words, I have given the

construction as architects build structures, giving the specifications and leaving

the actual manual labor to carpenters and masons."
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mined. Since the problem relates to only three or four lines, it is obvi-

ous that we shall always have such terms, although some of them may

vanish and the signs may all vary.
11™1

After this, I make KI equal and parallel to BA, and cutting off on

BC a segment BK equal to m (since the expression for BC contains

-f- w; if this were

—

m, I should have drawn IK on the other side of

AB, 1"*1 while if m were zero, I would not have drawn IK at all). Then

I draw IL so that IK : KL = z : n ; that is, so that if IK is equal to x,

KL is equal to ~x. In the same way I know the ratio of KL to IL,

which I may call n :a, so that if KL is equal to - x, IL is equal to

-x. I take the point K between L and C, since the equation contains

— - x ; if this were 4- ~x, I should take L between K and C ;

ll0SI while if
z z

- x were equal to zero, I should not draw IL.

This being done, there remains the expression

LC= yJm
2 + ox + £x*,

from which to construct LC. It is clear that if this were zero the point

110,1 Having obtained the value of BC algebraically, Descartes now proceeds to

construct the length BC geometrically, term by term. He considers BC equal to

BK+KL+ LC, which is equal to BK— LK+ LC which in turn is equal to

nt - ~ X +* m2+ ox -f

:

lira] That js> take I on CB produced.
run] That is, on KB produced. C is not yet determined.
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taintfe. Bt ileft euident que la queftion n'eftantpro-

pofce qu'cn trois ou quatre lignes, on peut toufiours

auoirdetels termes. excepfe que quelques vns d'eux

peuuenteftrenuls,&quelesfignes-l- & — peuuent di-

uerfement dire-change's.

Aprds cela ie fais K I efgalc& parallele aB A, en forte

qu'ellecouppedeBClapartieBK efgale a m, k caufe

qu'il y a icy -J- m-y & ie l'aurois adioufte'eentirantcete

ligne I K de l'autre cofte, s'ily auoit eu

—

m ; & ie ne 1'au-

rois point du tout tire'e, fi la quantitc m euft eftc nulfe.

Puis ie tire aufly 1L , en forte que la ligne I K eft a K L,
comme Zeftaw. c'eft a dire que I K eftant x , KL eft

~ #. Et par mefme moyen ie connois aufly la proportion

qui
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qui eftentreK L, & I L, que ie pofe commc entre «& a:

fibienqueK L eftant -x, I L eft jxs Et ie fais que Ie

point K foit entre L & C , a caufe qu'il y a icy — -^ #•

au lieu que i'aurois mis LentreK& C,(i i'eufTe eu -+- *
#,.

& ie n'eufTe point tire'cete ligne IL, fl
z
x euft efte'nulfe.

Or cela fait,il neme refte pluspour la ligne L C , que

cestermes, LC» mm-\- ox ~„xx. d'ouievoy

que s'ilseftoient nuls, ce point C fe trouueroit en la li-

gne droite I L-& que s'ils eftoient tels que la racine s'en

pufttire^c'eftadirequemm&^x x eftant marque's

dVnmefmefigne -4-ou— , oo fuftefgala^m^oubien

que les termesmtn &ox,ouox&c-xx fuftent nuls , ce

pointC fe trouuerpit en vne autre ligne droite qui ne fe-

roit pas pkis malayfee a trouuer qu* I L. Mais Iorfque

cela n'eft pas, ce point C eft toufiours enl'unedes trois

fe&ions coniques , du en vn cercle » dont IVn desdia-

metres eften la ligne IL,& la ligneL C eftIVne de eel-

les qui s'appliquent par ordre a ce diametre • ou au con-
traireLC eft paralleleaudiametre, auquelceliequi eft

en la ligne IL eft appliques par ordre. A fcavoir fi le ter-

me-jf^eft nul cete fe&ionxonique eft vne Parabole-

&s'ileft marque*dufigne -I- , e'eft vne Hyperbole
5 &

enfin's'il eft marque du figne — e'eft vne Ellipfe. Excepte'

feulement fi la quantity aam eft efgale a paft& que Tan-
gle ILC foit droit; auquel cas on a vn cercle au lien

d'vne
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C would lie on the straight line IL
;

I1MI
that if it were a perfect square,

that is if m2 and — x2 were both + 11051 and o 2 was equal to 4pm, or if

m2 and ox, or ox and — x2
, were zero, then the point C would lie on

tn *•

another straight line, whose position could be determined as easily

as that of IL.
11"1

If none of these exceptional cases occur, 1""1 the point C always lies

on one of the three conic sections, or on a circle having its diameter

in the line IL and having LC a line applied in order to this diameter,tl08)

or, on the other hand, having LC parallel to a diameter and IL applied

in order.

In particular, if the term — x2
is zero, the conic section is a parabola

;

if it is preceded by a plus sign, it is a hyperbola ; and, finally, if it is

preceded by a minus sign, it is an ellipse.'
10"1 An exception occurs when

pM1 The equation of IL is y= tn x.
z

I"*] Th^ js considerable diversity in the treatment of this sentence in differ-

ent editions. The Latin edition of 1683 has "Hoc est, ut, mm & — xx signo +m
notalis." The French edition, Paris, 1705, has "C'est a dire que mm et —xx etant

tn
marquez d'un meme signe + ou —." Rabuel gives "C'est a dire que mm and
p— .ar* etant marquez d'un meme signe +." He adds the following note: "II y a

dans les Editions Francoises de Leyde, 1637, et de Paris, 1705, 'un meme signe +
ou —', ce qui est une faute d'impression." The French edition, Paris, 1886, has
"Etant marques d'un meme signe + ou —."

11081 Note the difficulty in generalization experienced even by Descartes. Cf.
Briot and Bouquet, p. 72.

110,71 "Mais lorsque cela n'est pas." In each case the equation giving the value
of y is linear in x and y, and therefore represents a straight line. If the quantity

under the radical sign and—x are both zero, the line is parallel to AB. If the

quantity under the radical sign and m are both zero, C lies in AL.
[ios] «^n olv]jnate » The equivalent of "ordinntion application" was used in the

16th century translation of Apollonius. Hutton's Mathematical Dictionary, 1796,
gives "applicate." "Ordinate applicate," was also used.

110,1 Cf. Briot and Bouquet, p. 143.
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a2m is equal to ps2 and the angle ILC is a right angle,
1110

' in which case

we get a circle instead of an ellipse.
11"1

oz
If the conic section is a parabola, its latus rectum is equal to — and

its axis always lies along the line IL. 1"*1 To find its vertex, N, make

IN equal to , so that the point I lies between L and N if m2
is posi-

tive and ox is positive; and L lies between I and N if m2
is posi-

tive and ox negative ; and N lies between I and L if m2
is negative and

ox positive. It is impossible that m2 should be negative when the terms'

are arranged as above. Finally, if m2
is equal to zero, the points N and

I must coincide. It is thus easy to determine this parabola, according

to the first problem of the first book of Apollonius 1"'1

.

If, however, the required locus is a circle, an ellipse, or a hyper-

bola/
1"1 the point M, the center of the figure, must first be found. This

luo) Rabuel (p. 167) adds "If a2tn= pz2 or if tn — p the hyperbola is equi-

lateral."

lu,) In this case the triangle ILK is a right triangle, whence IK2 = LK + IC i

but by hypothesis IL : IK : KL= fl : s : n; then a2+ n2 = z2
. Now the equa-

tion of the curve is

y= m - -+ xylm* 4. oz -1 xi

z \ m
and therefore the term in x* is

and if a*m = pz2 , then — = -j, and this term in x2 becomes—-j

—

x'=xi
.

m 2r *

Therefore, the coefficients of *•* and v2 are unity and the locus is a circle.

v**\ This may be seen as follows : From the figure, and by the nature of the

parabola LcVLN./. and LN = IL+ IN. Let IN = *; then since IL = ^x, we

have LN = -jr+ and LC = y— m+-x; whence (y— m+ ~x)*= (,-x+ 4>)p.

z Z Z Z

But (y—m+-x) 2 = m2+ ox from the equation of the parabola; therefore

-xp+ 4>p= m2+ ox. Equating coefficients, we have -p = o; P = —'> <f>P= tn*\

^oz . . am2

i>—= tni ; = .

a oz
PUI Apollonii PergaeU Quae Graece exstant edidit I. L. Heiberg, Leipzig, 1891.

Vol. I, p. 159, Liber I, Prop. LII. Hereafter referred to as Apollomus. This

may be freely translated as follows: To describe in a plane a parabola, having

given the parameter, the vertex, and the angle between an ordinate and the corre-

sponding abscissa. .

11,41 Central conies are thus grouped together by Descartes, the circle being

treated as a special form of the ellipse, but being mentioned separately in all cases.
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d*vne EUipfe. Que fi cete fedion eftvne Parabole , fon

cofte'droit eft efgal a ^p,& fon diametre eft toufiours en

laligne IL. & pour trouuer le point N, qui en eftlc

fommet,iifautfairelNefgalea-^,-& que le point I

foit entreL & N,fi les termesibnt -h m m -4- o x-, oubien

que le point X, foit entre I&N, s'ils font -t- mm — ox;

oubien il faudroit qu'N fuft entre I & L, s'il y auoit

- m m -h o x . Mais il ne peut jamais y auoir

- m m, en la fecon que les termes ont icy cfte" pofefs. Et

enfiu le pointN feroit le mefme que le point I fi laquan-

titymm elxoitnulle. Au moyen dequoy il eft ayfe' de

trouuer cete Parabole par lei cr.Prob!efrae du i cr
. liure

d'Apollonius.

Tt Que
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Que fi la ligne demade'e eft vn cercle,ou vne eIlipfe,ou

vne Hyperbole , llfaut premierementchercherle point

M, qui en eft le centre , & qui eft toufiours en la ligne
aom

droite I L, ou on le trouue en prenant -^ pour I M. en

forte que fi la quantity o eft nulle,ce centre eft iuftement

au point I. Et fi la ligne cherchee eft vn cercle, ou vne

Ellipfej on doit prendre le point Mdu mefme*cofte que

le point L,aurefpect du point I, lorfquon a -+ ox, Sc

lorfqu'on a — o x , on le doit prendre de l'autre. Mais

tout au contraire en l'Hyperbole, fi on a « o x, ce centre

M doit eftre vers Lj & fi on a «+ o x, ii doit eftrede l'au-

tre cofte'. Aprds cela le cofte' droit de la figure doit eftre

*t/~oozz \mpzz, . P , ....——

I

^7— lorfqu ona + ww,& que la ligne

cherchee eft vn cercle, ou vne Ellipfe • oubien lorfquon

h—mm, & que c'eft vne Hyperbole. & il doit eftre

-— — ^-—-fila ligne cherchee eftant vn cercle,

ou vne Ellipfe, ori a "mift-onbieii fi eftant vne Hyper-
bole& la quantity ©eftant plus grande que 4 mp, on a

-r-*»/«. Qtieii la quantitym eft nulle,ce cofte'droit

eft °\ & fi tfeft; nulled eft V 4~^i, Puis pour le cofte'
a an *

travcrfant, il fauttrouuer vne ligne; qui foita ce cofte*

droit, cornea a meftkp ^afgauoirfice cofte droit eft
, ,

1/ oozz +mpzz, t ,. _ 1/ aao omm a. a am
~~n~-i
——-^letraoerfanteft

v -—-—
•

-*---
<*<* ** ppJLZ pZZ.

Et en tous ces cas le diametre de la feclion eft en la ligne

I M, &L Ceft l'vnedecelles qui luy eft appliquee par

ordre. Sibienque faifantMN efgale a la moitie'du cofte'

trauer-
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will always lie on the line IL and may be found by taking IM equal to

~—— .

llM1
If o is equal to zero M coincides with I. If the required locus

is a circle or an ellipse, M and L must lie on the same side of I when
the term ox is positive and on opposite sides when ox is negative. On
the other hand, in the case of the hyperbola, M and L lie on the same

side of I when ox is negative and on opposite sides when ox is positive.

The latus rectum of the figure must be

4
W Ampz2

a2 +
o2

if m2
is positive and the locus is a circle or an ellipse, or if m2

is nega-

tive and the locus is a hyperbola. It must be

p** Ampz2

\«» ~
o*

if the required locus is a circle or an ellipse and m2
is negative, or if it

is an hyperbola and o2
is greater than Amp, m2 being positive.

oz
But if tn2 is equal to zero, the latus rectum is — ; and if oz is equal to

zero 1"'1

, it is

4
Ampz2

~1T"

For the corresponding diameter a line must be found which bears

. a*m
the ratio —-= to the latus rectum; that is, if the latus rectum is

pzm

4
o2z2 Ampz2

a2 +
a2

the diameter is

4
a?o2m2 Aa2m3

+
p

2z2
' pz2

In every case, the diameter of the section lies along IM, and LC is one

of its lines applied in order.
tU7J

It is thus evident that, by making MN
equal to half the diameter and taking N and L on the same side of M,

I1", Cf. Briot and Bouquet, p. 156.
tu,) Some editions give, incorrectly, ox for os.
lU7] See note 108.
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the point N will be the vertex of this diameter.'
1181

It is then a simple

matter to determine the curve, according to the second and third prob-

lems of the first book of Apollonius.'
1"1

When the locus is a hyperbola'
120

' and m2
is positive, if o2

is equal to

zero or less than 4pm we must draw the line MOP from the center M
parallel to LC, and draw CP parallel to LM, and take MO equal to

while if ox is equal to zero, MO must be taken equal to m. Then con-

sidering O as the vertex of this hyperbola, the diameter being OP and

the line applied in order being CP, its latus rectum is

and its diameter11211
is

/4a4///4 aV/w1

IU8, If the equation contains — w2 and +nx, then n2 must be greater than

Amp, otherwise the problem is impossible.
lm] Cf. Apollonius, Vol. I, p. 173, Lib. I, Prop. LV : To describe a hyperbola,

given the axis, the vertex, the parameter, and the angle between the axes. Also

see Prop. LVI : To describe an ellipse, etc.

lw* Cf. Letters of Descartes, Cousin, Vol. VIII, p. 142.

pni «
C6t£ traversant."
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trauer/ant & le prenant du mefme cofte* du point M,
qu eft le point L, on ale pointN pour le fommet de ce

diametre .en fuite dequoy ii eft ayfeMe trouuer la fe&ion

par le fecond& 5 prob. du i
er

. liu. d'Apollonius*

Mais quand cete fection eftant vne Hyperbole , on a

+ w/»j& que la quantity 00 eft nulle ou plus petite que

4p m, on doit tirerdu centreM la ligneMOP parallele a

LC,&CP parallele a L M. & faire MO efgale a

" mm --~
j oubien la faire efgale a m ft la quantity x

eft nulle. Puis conliderer le point O, c5me le fommet

de cete Hyperbole; dont le diametre eft O P , & C P la

Tt 2 ligne
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agnc^uiluyeftappliqu^cparotdre^foncoftcdroireft

f/ *d*m* a*com* ... r *S bat*

ExceptcTquand ex eft nullccar alors le cofre droit efo
i-**mm
~-J7^- 9 & le trauerfant eft i m. & ainfi il eft ayfc de la

trouuerparle 3 prob.du i cr.Iiu.d\ApoIlonius.

ftwtion Et les demonftrations de tout cecy font euidentes.car
detoutcecompofant vn efpace des quantite's que iavaffiene'es

-cftre pour le colte droit,& )e trauerfant , & pour le fegment
txpiiqut. dudiametreNL,ouOP,fuiuatlateneurderii,du ir,&

du 13 theorefmes du i«. liured'Apollonius, on trouuera
tousles mefmes termes dont eft compofe' le quarre de
laligneC P,ou C L,qui eft applique'e par ordre a ce dia-

metre. Comme en cet exemple oftantl M , qui eft

som am 't/~—, deN M, qui eft— r
-f- 4 *»/>, iay I N, a laquel-

le aiouftant I L, qui eft - x, rayNL , qui eft j x -- ^~
"*"

7px?' a flL "*" 4 m P »
& cecy eftant multiplie' par

„ 00 -\-^mpi
qui eft le cofte droit de la figure, il vient

m _ ,- " . f'o 9
a?k 9o-\-/±mp — — r oo-t~ $mp -f-

—
• -hraw

pour le rectangle, duquelilfautofter vn efpacequi foit

au quarre'de N Lcomme le coft e'droit eft au trauerfant.

& ce quarre* de N L eft ~ ##--
fZJC

- x

1 y- m m o v r,

xV 00 ^iffnp H ~-~a n m r.t aam,

maomm
" TfJTsi.
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An exception must be made when ox is equal to zero, in which case the

2o2w2

latus rectum is L , and the diameter is 2m. From these data the
pz2

curve can he determined in accordance with the third problem of the

first book of Apollonius. 1"*1

The demonstrations of the above statements are all very simple, for,

forming the product1"" of the quantities given above as latus rectum,

diameter, and segment of the diameter NL or OP, by the methods of

Theorems 11, 12, and 13 of the first book of Apollonius, the result will

contain exactly the terms which express the square of the line CP or

CL, which is an ordinate of this diameter.

aom
In this case take IM or -5— from NM or from its equal

Lpz

_VoM"4,n/>.

To the remainder IN add IL or-*, and we have
z

„„, a aom am ,

z 2/z 2/z '
r

Multiplying this by

Vo2+4wf,

the latus rectum of the curve, we get

for the rectangle, from which is to be subtracted a rectangle which is

to the square of NL as the latus rectum is to the diameter. The square

of NL is

a1
„ (Pom cPm rt . aio2mi a*nP a^onfi .

tls21 See note 113.
11331 "Composant un espace."
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Divide this by a?m and multiply the quotient by ps*, since these terms

express the ratio between the diameter and the latus rectum. The result is

-x*-ox + x W + i,»p +_ __ ^o> + 4;/// + m*.

This quantity being subtracted from the rectangle previously obtained,

we get

CU=m*+ox-£x*.
m

It follows that CL is an ordinate of an ellipse or circle applied to NL,
the segment of the axis.

Suppose all the given quantities expressed numerically, as EA=3,

AG=5,AB= BR, BS =yBE, GB = BT, CD=yCR,CF= 2CS,CH=

— CT, the angle ABR=60° ; and let CB . CF=CD. CH. All these quan-

ties must be known if the problem is to be entirely determined. Now
let AB=;r, and CB=y. By the method given above we shall obtain

y
2=2y—xy-\-5x—

x

2
;

'-1-!*+^/:l+4*-7*2
;

whence BK must be equal to 1, and KL must be equal to one-half KI

;

and since the angle IKL= angle ABR = 60° and angle KIL (which is

one-half angle KIB or one-half angle IKL) is 30°, the angle ILK is a

right angle. Since IK=AB=*, KL=|*, IL=at^|, and the quantity

represented by z above is 1, we have a= J|, *»= 1. o=A, p=^ f whence

/ 16 fl9 3IM=
\ T* NM=V Y>

and since ^m ^which is 4) ^ equal to/*2
,
and
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* m o m. m . * —

'—tfM?
V 00m*~+mp qWil faut diuifcr paraam&

multiplier par/^acaufe que cestermes expiiquentia
proportion qui eft entre le coftd trauerfant & le droit, &

f
il viet&^xx— ox-h xV oo-t-^mp -H —^
_'J? "/ o o -+• 4 >»/> -f- 0W8.cequ'il faut ofter da re&angle

precedent, & on trouue mm-^rox --^xxpour le quar-

rc'de CL, qui par consequent eft vne ligne appliquee

par ordre dansvne Ellip&,oudans vn cercle,au fegment
dudiametreNL.

Et 15 on vent expliquer toutes les quantity donnees
parnombrcs, en faifant par exemple EAso^AGcoj-,
AB3oBR,BSfx>^BE,GB30 BT,CDoo ~CR,CF
coaCS, CH»f CT, & que 1 angle A BR foit de 6o
degrdsj & enfin que le rectangle des deux C B , & C F,

fbit efgal au rectangle des deux autresC D&CH
;
car il

faut auoir toutes ces chofes affin que la queftion (bit en-

tierement deterniinee. &auec cela fnppofant AB so x;

& C B 30y, on trouue par la fa§on cy deflus expliqude

y y x 2j> - x y -t- 5 # "XX 8cy so i — ±.x -+•

/'i-r-4**-J*#: fibieuqueB K doit eftre i,&KI,
doiteftrelamoitie'de KI, & pourceque Tangle I KL
ou A BR eft de do degrees , & KIL qui eft la moitie'de

KIB ou IK L, de 30, 1 LK eft droit. Et pourceque I K.

ouABeftnomme#,KLeft ±x, & IL eft a^J, &la
quantity qui eftoit tantoft nominee ^ eft 1 , celle qui

eftoit a eftV J,
celle qui eftoit m eft 1 , celle qui eftoit

eft4,& celle qui eftoit p eft J.de fa$on quon a V $

|
Tt $ powr.-
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Quels
font les

lieux

plans,&
folides: &
U facon

de les

ttouuer.

pour I M, & Y *f pour NM,& pourceque nam qui

eft| eft icy efgal a ps& & que 1'angie IL C eft droit , on
trouue que la ligne courbe N C eft vn cercle. Et on

peutfacilement examiner tousles autres cas en mcfme
forte

.

Aurefte acaufe que les equations, qui ne montent

que iufques au quarre', font toutes comprifes en ce que ie

viensd'expliquerj non feulement leproblefmedes an-

ciensen 5 &4.1ignes eft icy entierement acheue'j mais

aufly tout ce qui appartient a ce qu'ils nommoient la

compofition des lieux folides • & par confequent auflfy a

celle des lieux plans, a caufe qu'ils font compris dans les

folides. Car ces lieux ne font autre chofe, finon que lors

qu'il eft queftion de trouuer quelque point auquel il

manque
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the angle ILC is a right angle, it follows that the curve NC is a circle.

A similar treatment of any of the other cases offers no difficulty.

Since all equations of degree not higher than the second are included

in the discussion just given, not only is the problem of the ancients

relating to three or four lines completely solved, but also the whole

problem of what they called the composition of solid loci, and conse-

quently that of plane loci, since they are included under solid loci.
11"1

For the solution of any one of these problems of loci is nothing more

than the finding of a point for whose complete determination one con-

lMi Since plane loci are degenerate cases of solid loci. The case in which

neither x2 nor y2 but only xy occurs, and the case in which a constant term occurs,

are omitted by Descartes. The various kinds of solid loci represented by the equa-

tion y=±m± — x ± — ±\j± mr ± ox ±—x may be summarized as follows

:

n*
(1) If all the terms of the right member are zero except — , the equation repre-

«2

sents an hyperbola referred to its asymptotes. (2) If — is not present, there are

several cases, as follows : (a) If the quantity under the radical sign is zero or a

perfect square, the equation represents a straight line; (b) If this quantity is not

a perfect square and if *-x2 = 0, the equation represents a parabola; (c) If it is
tn

not a perfect square and if — x2 is negative, the equation represents a circle or an
tn

ellipse; (d) If — x2 is positive, the equation represents a hyperbola. Rabuel, p. 248.

79



GEOMETRY

dition is wanting, the other conditions being such that (as in this exam-

ple) all the points of a single line will satisfy them. If the line is

straight or circular, it is said to be a plane locus ; but if it is a parabola,

a hyperbola, or an ellipse, it is called a solid locus. In every such case

an equation can be obtained containing two unknown quantities and

entirely analogous to those found above. If the curve upon which the

required point lies is of higher degree than the conic sections, it may

be called in the same way a supersolid locus,
112"1 and so on for other

cases. If two conditions for the determination of the point are lacking,

the locus of the point is a surface, which may be plane, spherical, or

more complex. The ancients attempted nothing beyond the composition

of solid loci, and it would appear that the sole aim of Apollonius in his

treatise on the conic sections was the solution of problems of solid loci.

I have shown, further, that what I have termed the first class of

curves contains no others besides the circle, the parabola, the hyperbola,

and the ellipse. This is what I undertook to prove,

[is] ujjn jjeu surSoli<ie."

80



Livre Second. 33/

manque vtie condition poureftre entierement determi-

ne, ainfi qu'il arrineencete exempIe,tous les poins d'Vne

mefme ligne penuent eftre pris pour celuy qui eft de-

mands. Et fi cete ligne eft droite,oucirculaire , onla

nomme vn lieu plan. Mais fi e'eft vne parabole , ou vne
hyperbole, ou vne ellipfe, on la nomme vn lieu folide. Et
toutefois& quantes que cela eft, on peut venir a vne E-
quationqui contient deux quantite's inconnues, & eft

pareille a quelqu'vne de celles que ie viens de refoudre.

Que fi la ligne qui determine ainfi Ie point cherche* , eft

d'vndegre'plus compose que les fe&ions coniqucs, on
la peut nommer, en mefme facon , vn lieu furfolide , &
ainfi des autres. Et s'il manque deux conditions a la de-

termination de ce point, le lieu ou il fe trouue eft vne fu-

perficie, laquelle peut eftre tout de mefme ou plate, ou
fpherique , ou plus compofee. Mais Ie plus haut but
quayenteulesanciensencetematiere a eftcdeparue-
niralacompofitiondes lieux folides : Et il femble que
toutcequ'Apolloniusaefcritdes fe&ions coniqucs n'a

efte'qu'a defTeinde la chercher.
nudieeft

De plus on voit icy que ceque iay pris pourle premier kpremic-

genredes lignes courbes,n'en peut comprendre aucunes phis fim-

autres que Ic cercle, la parabole, I'hyperbole,& l'ellipfe. ele dc

qui eft tout ce quei'auois entrepris de prouuer. lignes

Que fi la queftion des anciens eft propofe'e en cinq li-
c°

ĉ

b"

gnes, qui foient toutes paralleles
; il eft euident que le uemen la

point cherche fera toufiours en vne ligne droite . Mais fi 3« an-"
elle eft propofe'e en cinq lignes, dont ily en ait quatre cicns

qui foient paralleles, & que la cinquiefme les couppe a?c
u

cftprt"

angles droits, & mefme que toutes les Iienes tirees duP ^6 ^
cinqli-oq 1

point goes.
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point cherche'les rencontrent auffy a angles droits, &
enftn que Ic parallelepipede compofe' de trois des Iignes

ainfi tire'es fur trois de celles qui font paralleles,foit efgal

au parallelepipede compofe' des deux Iignes tire'es I'vne

fur la quatriefmede celles qui font parallcles &l'autre

fur celle qui lescouppe a angles droits, & dVnetroificf-

me ligue donne'c. ce qui eft ce femble Ie plus fim-

plc cas qu'on puifle imaginer aprc's le precedent • Ie

point chcrche fera en la lignccourbe, qui eft detente

parlemouuementd'vneparaboleen lafac,on cy deflus

expliquce.

Soient
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If the problem of the ancients be proposed concerning five lines, all

parallel, the required point will evidently always lie on a straight line.

Suppose it be proposed concerning five lines with the following condi-

tions :

(1) Four of these lines parallel and the fifth perpendicular to each
of the others

,

(2) The lines drawn from the required point to meet the given lines
at right angles

;

(3) The parallelepiped 11*1 composed of the three lines drawn to meet
three of the parallel lines must be equal to that composed of three lines,
namely, the one drawn to meet the fourth parallel, the one drawn to
meet the perpendicular, and a certain given line.

This is, with the exception of the preceding one, the simplest pos-
sible case. The point required will lie on a curve generated by the

motion of a parabola in the following way

:

113,1 That is, the product of the numerical measures of these lines.
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Let the required lines be AB, IH, ED, GF, and GA, and

let it be required to find the point C, such that if CB, CF, CD, CH, and

CM be drawn perpendicular respectively to the- given lines, the paral-

lelepiped of the three lines CF, CD, and CH shall be equal to that of

the other two, CB and CM, and a third line AI. Let CB=y, CM=*,

AI or AE or GE=o ; whence if C lies between AB and DE, we have

CF=2a—y, CD=a—y, and CH=y+a. Multiplying these three to-

gether we get y
3—lay 1—

a

2y-\-2a? equal to the product of the other

three, namely to axy.

I shall consider next the curve CEG, which I imagine to be described

by the intersection of the parabola CKN (which is made to move so

that its axis KL always lies along the straight line AB) with the ruler

GL (which rotates about the point G in such a way that it constantly

lies in the plane of the parabola and passes through the point L). I

take KL equal to a and let the principal parameter, that is, the par-

ameter corresponding to the axis of the given parabola, be also equal to

a, and let GA=2a, CB or MA=y, CM or AB=*. Since the triangles

GMC and CBL are similar, GM (or 2a—y) is to MC (or x) as CB

XV
(or y) is to BL, which is therefore equal to . Since KL is a, BK

Za—y

is a—^- or
2a -ay-xy

Finall since this same BK is a segment
2a—y 2a—

y

of the axis of the parabola, BK is to BC (its ordinate) as BC is to a

(the latus rectum), whence we get y
3—2ay2—

a

2y-\-2as=axy, and there-

fore C is the required point.
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Soient par excinple les lignes cherche'esA B,IH,E D,
G F, & G A. & qu'on demandc le point C, en forte que
tirant C B, C F, C D, C H, &CM a angles droits fur les

donne'es,leparalielepipede des trois CF, CD, &CH
foit efgal a celuy des 2 autres C B, & C M, & d'vne troi-

ficfmequifoitAL IepofeCB»y. CM s> x. A I, ou
A E, ou G E co *,de facon que le point C eftant entre les

lignesAB,&DE, iayCFa>2* —y, C DzDa—y. &
CH x>y -+a &multipliant ces trois I'vne par fautre,

iay y — 2 ayy— a ay -+» 2 a efgal an produit des trois

autres qui eft a xy. Apre's cela ie confidete la ligne cour-

bcCE G, que i'imagine eftre defcrite parI'mterfe&ion,

de la ParaboleCKN, qu'on fait mouuoir en telle forte

que fon diametre KL eft toudours fur la ligne droite

A B, & de la reigleG Lqui tourne cependant autour du
pointG en telle forte quelle pafle toufiours dans le plan

de cete Parabolepar lepoint L. Et ie fais KL co a , &le

cofte'droit principal, c'eft a dire celuy qui ferapporte a

l'aiffieu de cete parabole, aufly efgalh,&GAj)2«,&
CBouM A30y,&C Mou A Boo at. Puis a caufe des
triangles femblablesGM C &C B L tGM qui eft 2 a -

y,

eft aM C qui eft x, comme CB qui efty, eft a BL qui eft
X V

par confequent^7* Et pourcequeLK eft a, BK eft a

—-,©ubien —^^— . Et cnfin pourceque ce mef-

me B K eftant vn fegment du diametre de la Parabole
eft a BCquiluy eft appliquee par ordre, comme cel-

lecyeft au coftd droit qui eft a
t le calculmonftreque

y «- 2ayy— aay -+- 2-0, eft efgal a a xy, &par confer

V v quenc
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quent que le point C eft celuy qui eftoitdemande'. Et il

peut eftre pris en tcl endroir de la ligne C EG qu'on ve-

uiliechoifirjouauflyenfonadiointe cUG c quife de-

fcri t en mefme fason^xcepte* quele fbmmet de laPara •

bole eft tourne'vers l'autre cofte* , on enfin en leurs con-

trepofeesN I o,n 1 0,qui font defcrites par l'interfe&ion

que fait la ligne G L en l'autre coftd de la Parabole

KN.
Or encore que les paralleles donnecsA B , 1 H, ED,

& G F ne fuflent point efgalement distantcs, & queGA
lie Iescouppaft point aanglcs droits, ny aofly Ies lignes

tirees
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The point C can be taken on any part of the curve CEG or of its

adjunct cEGc, which is described in the same way as the former, except

that the vertex of the parabola is turned in the opposite direction ; or

it may lie on their counterparts
[UT1 NI0 and »IO, which are generated

by the intersection of the line GL with the other branch of the para-

bola KN.

Again, suppose that the given parallel lines AB, IH, ED, and GF are

not equally distant from one another and are not perpendicular to GA,
and that the lines through C are oblique to the given lines. In this case

the point C will not always lie on a curve of just the same nature. This

may even occur when no two of the given lines are parallel.

p*n «gn jeurs contreposees."
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Next, suppose that we have four parallel lines, and a fifth line cutting

them, such that the parallelepiped of three lines drawn through the

point C (one to the cutting line and two to two of the parallel lines)

is equal to the parallelepiped of two lines drawn through C to meet the

other two parallels respectively and another given line. In this case

the required point lies on a curve of different nature,
11*9 namely, a

curve such that, all the ordinates to its axis being equal to the ordinates

of a conic section, the segments of the axis between the vertex and

the ordinates'
1*

bear the same ratio to a certain given line that this

line bears to the segments of the axis of the conic section having equal

ordinates. 1"03

I cannot say that this curve is less simple than the preceding ; indeed,

I have always thought the former should be considered first, since its

description and the determination of its equation are somewhat easier.

I shall not stop to consider in detail the curves corresponding to the

other cases, for I have not undertaken to give a complete discussion of

the subject ; and having explained the method of determining an infinite

number of points lying on any curve, I think I have furnished a way

to describe them.

It is worthy of note that there is a great difference between this

method'
1*11

in which the curve is traced by finding several points upon

tU8] The general equation of this curve is axy— xy2 +2a2x= a?y— ay2
.

Rabuel, p. 270.
£ia>] That is, the abscissas of points on the curve.

11301 The thought, expressed in modern phraseology, is as follows : The curve is

of such nature that the abscissa of any point on it is a third proportional to the

abscissa of a point on a conic section whose ordinate is the same as that of the

given point, and a given line. Cf. Rabuel, pp. 270, et seq.

IU1] That is, the method of analytic geometry.
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tir&sdu pointC vers elles, ce point (5 ne lauTeroit pas

defe trouuer touiiours en vneligne courbe, qui feroit

de cete mefme nature. Et il $ y peut aufly trouuer quel-

quefois, encore qu'aucunedes lignes donndes nefoient

pafalleles . Mais fi lorfqu'ily en a 4 ainfi parallele s,& vne

ciuquiefme qui les trauerfe;& que le parallelepipede dc

troisdes lignes tire'es du point cherche', l'vne fur cete

cinquiefme, & les lautresfar 2 de celles qui font paral-

lels; foitefgalaceluy, des deux tire'es fur les deux au-

tres paralleles , &d'vne autre ligne donnrfc. Ce point

cherche'eften vne ligne courbe d'vne autre nature, a

fcauoiren vne qui eft telle, que toutesles lignes droites

appliqu&sparordreafondiametreeftant efgales a cel-

les d'vnefe&ionconique, les fegmens de ce diamctre,

qui fontentrelefommet&ces lignes , ont mefme pro-

portion avne certaine ligne donned, que cete ligne don-

nee a aux fegmens du diametre de la te&ion conique,

aufquels les pareilles lignes font appliquees par ordre. Et

ie ne fcaurois veritablement dire que cete ligne foit

moins (imple que la precedente, laquelle iay creu route

-

fois deuoir prendre pour la premiere, a caufe que la de-

fcription , & le calcul en font en quelque facon plus

faciles.

Pour les Hgnes qui feruent aux autres cas, ie ne m'are-

fteray point ales diftinguer par efpeces. car ie nay pas

entreprisde dire tout ; & ayant expliquc la facon de

trouuer vne infinite de poinspar ou elles paffent,iepenfe

auoir afles donne* le moyen de les defcrire.

Mefme ileftaproposderemarquer.qu'il ya grande

difference entre cete fac,on de trouuer plufieurs poins

Vv 2 pour
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font ks pourtracer vne ligne courbe,& celle dont on fe fert poor
jjs°" la Ipirale, & fes femblables. car par cete derniere on ne

qu'on dc- trouue pas indifferement tous lespoins de la ligne qu'on

wouuant
cherche, mai&feulementceux qui peuuent eftre deter-

piuficurs mines par qu elquc mefure phis iimpie ,
que celle qui eft

poinsTqui
'equifepourlacompofer, & ahifi a proprement parler

pcuuent on ne trouue pas vnde fes poins. c'eft a dire pas vn de

ccucs^ii ceux qui luy font tellement propres, qu'ils ne piwflent

Geomc- eftre trouues que par elie: Au lieu qu'ilny a aucun point

dans les lignes qurfenrent a la queftionpropofe'e , qui ne

fe puifle rencontrer entre ceux qui fe determinent par la

fagontantoft explique'e. Et pourceque cete fa§on de

tracer une ligne courbe, en trouuant indifferement plu-

fieursde fes poins , ne s'eftend qu'a celles qui peuuent

anffy eftre defcrites parvnmouuementregulier & con-

tinu, on ne la doit pas enticrement reietter delaGco-

metrie.

fo« aufly
Etonn'en doit pas reietter non plus, celle ou on fc

caics fert d'vn fil, ou d'vne chorde replie'e , pour determiner

Sitloec l*«galitd ou la difference de deux ou plufieurs lignes

vncchor- droites qui peuuent eftre tiroes de chafqne point de la

pcuuew courbe qu'on chcrche, a certains autres poins ou fur

y cftrc certaines autres lignes a certains angles, ainfi que nous

auons fait en la Dioptrique pour expliquer l'Ellipfe &
l'Hyperbole. car encore qu'on n'y puifte re§euoir au-

cunes lignes qui femblent a des chordes , c'eft a dire quj

deuienenttantoft droites & tantoft courbes, acaufe que

la proportion, qufeft entre les droites & lescourbes,

n'eftant pas connue, & mefme ie croy ne le pouuant eftre

par ks homines, onnepourroitrien conclure de la qui

fuft
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it, and that used for the spiral and similar curves. 1"11

In the latter not

any point of the required curve may be found at pleasure, but only such

points as can be determined by a process simpler than that required for

the composition of the curve. Therefore, strictly speaking, we do not

find any one of its points, that is, not any one of those which are so

peculiarly points of this curve that they cannot be found except by

means of it. On the other hand, there is no point on these curves which

supplies a solution for the proposed problem that cannot be determined

by the method I have given.

But the fact that this method of tracing a curve by determining a

number of its points taken at random applies only to curves that can

be generated by a regular and continuous motion does not justify its

exclusion from geometry. Nor should we reject the method1"*1 in which

a string or loop of thread is used to determine the equality or difference

of two or more straight lines drawn from each point of the required

curve to certain other points,'
1"1 or making fixed angles with certain

other lines. We have used this method in "La Dioptrique" t"*1 in the

discussion of the ellipse and the hyperbola.

On the other hand, geometry should not include lines that are like

strings, in that they are sometimes straight and sometimes curved, since

the ratios between straight and curved lines are not known, and I

believe cannot be discovered by human minds, 11**1 and therefore no con-

clusion based upon such ratios can be accepted as rigorous and exact.

I"*1 That is, transcendental curves, called by Descartes "mechanical" curves.
,u*1 Cf. the familiar "mechanical descriptions" of the conic sections.

11141 As for example, the foci, in the description of the ellipse.

11-1 This work was published at Leyden in 1637, together with Descartes's

Discours de la Methode.
IMeJ This is of course concerned with the problem of the rectification of

curves. See Cantor, Vol. II (1), pp. 794 and 807, and especially p. 778. This

statement, "ne pouvant etre par les hommes" is a very noteworthy one, coming as

it does from a philosopher like Descartes. On the philosophical question involved,

consult such writers as Bertrand Russell.
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Nevertheless, since strings can be used in these constructions only to

determine lines whose lengths are known, they need not be wholly

excluded.

When the relation between all points of a curve and all points of a

straight line is known/
1"1 in the way I have already explained, it is easy

to find the relation between the points of the curve and all other given

points and lines ; and from these relations to find its diameters, axes,

center and other lines
11*81 or points which have especial significance for

this curve, and thence to conceive various ways of describing the curve,

and to choose the easiest.

By this method alone it is then possible to find out all that can be

determined about the magnitude of their areas/
1391 and there is no need

for further explanation from me.

tu,] Expressed by means of the equation of the curve.

I1M] For example, the equations of tangents, normals, etc.

'""'For the history of the quadrature of curves, consult Cantor, Vol. II (1),

pp. 758, et seq., Smith, History, Vol. II, p. 302.
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fiiftexa&&aflTure\ Toutefoisa caufe qu'onnefe ferr

de chordcs en ces conftru&ions
,
que pour determiner

des lignes droites, done on connoift parfaitement la lon-

geur, cela ne doit point faire qu'on les reiette.

Orde cela feul qu'on fgait le rapport , qu'ont tous les Qae ?wp
poins d'vne ligne courbe a tous ceux dvne ligne droite, trouue

!

en la rac,on que jay exphqueej ll eft ayle de trouuer aufly ptoprie-

le rapport qu'ils ont a tous les autres poms, & lignes don- tc

8

sde* k"

nees: & enfuite de connoiftre les diametres , les aiflieux, comber

les centres, & autres lignes , ou poins
?
a qui chafquc li- ^SL*

gne courbe aura quelque rapport plus particuHer , oufc»pp°re

plus fimple, qu'aux autres: & ainfi d'imaginer diuers iSuis
moyens pour Iesdefcrire^&d'enchoifir les plus faeiles. PoiM *

Et mefme on peut aufly parcela feul trouuer quafi touti^*
cequi peut eftre determine' touchant la grandeurde l*e-

droite$»

Ipace quelle* comprenent, fans qu'ilfoit befbin que i*en dctir«
0a

donne plus d'ouuerture. Et enfin pour cequi eft de ton-r«
a"ne$

tesles autres proprietes qu'on peut attribuer aux lignes qwks
courbes,el!esne dependent que de la grandeur des an- *„"££"
gles qu'ellesfontauec quelques autres lignes.Maislor£ «s poins

qu on peuttirerdeslignesdroites qui les couppentaan- ioifs"
gles droits, aux poins ou ellesfont rencontre'es par eel-

lesauec qui elles font les angles qu'on veur mefurer, ou,
ceque ie prens icy pour le mefme

, qui couppent leurs

contingentesj la grandeur de cey angles n'eftpas plus
malayfe'e a trouuer, que s'ils eftoient compris entre deux
lignes droites. Ceftpourquoyiecroyrayauoir mis iey
tout cequi eft requis pour Ics elemens des lignes cour-
bes, lorfquei'auraygeneralement donne" la fa§on deti-
icrdes lignes droites, qui tombenr a angles droits for

Vr.j tels
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tehdeleurs poins qu'on voudra choifir. £t i*ofc dire

que c'eftcecy le problefme le plus vtile , & le plus gene-

ral non ieulement queie f$ache, mais mefme que l'aye

jamais dente*de fcauoiren Geometric.

generate ^^^j SO** C E
Ponr ^^^^ " la ligne courbe,

desiigncs ^<^*Vt^-^ & quil faille tl-

droites, ^^"2/ j \j --^^ rer vne ligne
qui coup- **zzL / ; V ^->^.

m
o

pcDties f a m p G droite par le

tS& point C, quifc-

oSUars" °€ auec elle des angles droits. Ie fuppofe la chofe defia
conti

$"a
&te»&^kBgftecherche*eeftC P, laquelle ie pro-

angles' longciufques ad pointP, ou elle rencontre la ligne droi-
drous. teq^ qUe je f ppOfe cft|£ccue aux pQins jc laqaelle

on rapporte tous ceux de la ligneC E : en forte que fai-

fantMAouCBsoj, &CM,ouBA:x>#, iay quelque
equation, qui expiique le rapport, qni eft entre x 8zy*

PuisiefaisPCsox, &P Aootv ou P M 30 v »y, &a
caufe du triangle re&anglePMC iayss, qui eft Is quar-

re* de la baze efgal a xx-hvv—ivy-i-yy , qui font

les quarres des deux coftes. c'eft a dire iay # 3D

Vts*-i> v-t- %-vy'-yy, oubien^»v-H V~ss—xx,8c
parietnoyende cete equation, i'ofte de Tautre equa-

tion qui m'expfique le rapport qu'ont tous lespoins de la

courbeC E aceux de la droiteG A.l'vne des deux quan-

tity indetcrinfaWes x ou y. ce qui eft ayfe afaire ea

mettant partout ffs s— v v -h 2 vy— yy au lieu d'x , &
fce quarrd de cetefomme au lieu dxx, &fon cube au lieu

d'Xj &ainfidesautres,iiceft^queieveuilleofl:erj on-

bien
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Finally, all other properties of curves depend only on the angles

which these curves make with other lines. But the angle formed by

two intersecting curves can be as easily measured as the angle between

two straight lines, provided that a straight line can be drawn making

right angles with one of these curves at its point of intersection with

the other. 1"01 This is my reason for believing that I shall have given

here a sufficient introduction to the study of curves when I have given

a general method of drawing a straight line making right angles with

a curve at an arbitrarily chosen point upon it. And I dare say that

this is not only the most useful and most general problem in geometry

that I know, but even that I have ever desired to know.

Let CE be the given curve, and let it be required to draw

through C a straight line making right angles with CE. Suppose the

problem solved, and let the required line be CP. Produce CP to meet

the straight line GA, to whose points the points of CE are to be

related.
11411 Then, let MA=CB=y; and CM=BA=*. An equation

must be found expressing the relation between x and y.
1"*1

I let PC=s,
PA=v, whence PM=v—y. Since PMC is a right triangle, we see that

s2 , the square of the hypotenuse, is equal to x2
-\-v

2—2vy-\-yi
, the sum

of the squares of the two sides. That is to say, x= >ls
2—v2+2vy—yi

or y= v + "Vj
8—x2

. By means of these last two equations, I can elimi-

nate one of the two quantities x and y from the equation expressing

the relation between the points of the curve CE and those of the straight

line GA. If x is to be eliminated, this may easily be done by replacing

x wherever it occurs by ^s
'i— v'

i+2vy—y2
, x* by the square of this ex-

pression, x3 by its cube, etc., while if y is to be eliminated, y must be

replaced by v+ Vs2— x?, and y
2
,y

8
, ... by the square of this expres-

11401 That is, the angle between two curves is defined as the angle between the

normals to the curve at the point of intersection.
u«] That is, the line GA is taken as one of the coordinate axes.
[i«]

-phis w;jj jjg tj,e equation of the curve. See also the figure on page 97.
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sion, its cube, and so on. The result will be an equation in only one

unknown quantity, x or y.

For example, if CE is an ellipse, MA the segment of its

axis of which CM is an ordinate, r its latus rectum, and q its trans-

verse axis, 1"81 then by Theorem 13, Book I, of Apollonius, 1"*1 we have

xpTsty—y*. Eliminating x1 the resulting equation is

Q

t-*+2vy-?-ry-Z?, or y
>+

?ry-2gvy+gv>-gs>= Q
q q— r

In this case it is better to consider the whole as constituting a single

expression than as consisting of two equal parts.
11"1

If CE be the curve generated by the motion of a parabola (see pages

47, et seq.) already discussed, and if we represent GA by b, KL by c,

and the parameter of the axis KL of the parabola by d, the equation

11481 "Le traversant."
11441 Apollonius, p. 49 : "Si conus per axem piano secatur autem alio quoque

piano, quod cum utroque latere trianguli per axem posita concurrit, sed neque basi

coni parallelum ducitur neque e contrario et si planum, in quo est basis coni,

planumque secans concurrunt in recta perpendiculari aut ad basim trianguli per

axem positi aut ad earn productatn quaelibet recta, quae a sectione coni communi

sectioni planorum parallela ducitur ad diametrum sectiones sumpta quadrata squalis

erit spatio adplicato rectae cuidam, ad quam diametrus sectionis rationem habet,

quam habet quadratum rectae a vertice coni diametro sectionis parallelae ductae usque

ad basim trianguli ad rectangulum comprehensum rectis ab ea ad latera trianguli

abscissis, latitudinem rectam ab ea e diametro ad verticem sectionis abscissam et

figura deficiens simili similiterque posita rectangulo a diametro parametroque com-

prehenso ; vocetur autem talis sectio ellipsis." Cf . Apollonius of Perga, edited by

Sir T. L. Heath, Cambridge, 1896, p. 11.

114,1 That is, to transpose all the terms to the left member.
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bienficVftj^enmettantenfonlieutf-f- Vst~xx * &
le quarre*, ou ie cube,&c. de cetefbmme, au lieu dyy,ou

j &c. De fa§on qu'il refte toufiours apre*s ceiavne equa-

tion, en laquelle il ny a plus quVne feule quantity inde-

termiuee, #,oujr.

Comme fi C E eft vne Eflipfe , &que M A foit Ie

fegment de fon diametre, auquelCM foit apptiqude par

ordre, & qui ait rpourfbncofte' droit ,& q pour le tra-

uerfant,ona parIe 15 th.

du 1 iiu. d'Apollonius.

***>ry~^yy
9 d'on

oftaot xx, ft refte ss-~

• vv-)r%vy-yy 00 ry-^Jfy*

oubien,

yy " Y7
"*yf^

^"^
eigaf a rien. caril eftmieuxen

cet endroit de coufiderer ainfi enfemble toute la fom-
me , que d'en faire vne partie efgale -aPautre.

ToutdemefinefiC
E eft la ligne course
defcrite par le mou-
uement d'vneParahole

en la fagon cy ddTus
expliquee, acqu'onait

pofe^pourGA, ipour
KL,Scd pour Ie cofte'

droit da diametreKL
enlaparabole.i'equati^

qui expUque le rapporc

qui
97
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<pie&entKx8ty
tc&y-tyy- cdy H-bcd+dxyx>o.

d'ou oftant x , on a y - ^~*<ty -+. bcd-i-dy
V jj~vvi-Lvy~yy. & remetrant en ordre ces
tcrmes parlemoyende la multiplication, il vient

$td.dvv~$td.dvv~

Etainlidesautres.

Mefmeencore que les poins de la lignecourbenefe
rapportaffentpasenlatagonqueiay ditte a ceux d'vne
lignedroite, maisen toute autre quon f$auroit imagi-
ne^ on ne laifle pas de pouuoir toufiours auoir vne telle

equation. CommeiiQEeftvneligne, qui ait tel rap-
port aux trois poins F, G, & A, que les Iignes droites ti-

j*e*esde chafcundefes poinscommeCriufques au point
F, furpaflent la ligneFA d'vne quantity qui ait certaine

^
proportio don-
nee a vne autre

quantity dont

GAfurpafleles

Ugncs tirdes

des mefmes
poins iufques a G. Faifons GA»J,AF:x><r,& prenant
adifcretionlepoint C dans lacourbe, que la quantite'
dont CF furpatfe FA. fbit a celle dont G A furpafle
GC, comme^a^en forte que fi cete quantite qui eft

inderermineefenomme ^FC eft <r-f- ^,&GC eft b-^.
PuispofantMAt»y,G MefU~j,&FM eft*-f-^,&
a caufe du triangle rectangle CMG, oftant le quarre'

de
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expressing the relation between x and y is y
a—by'—cdy-{-bcd-\-dxy=0.

Eliminating x, we have

y3-dyi-cdy+bcd+dy \V—v*+2vy—y2=0.

Arranging the terms according to the powers of y by squaring,
pu

' this

becomes

y*_2bys+(b 2—2cd+d2)y*+(4bcd—2d2v)y3

+ (c2d2—dV+rf2^—2b2cd)y2—2bc2d2y+b2c2d2=0,

and so for the other cases. If the points of the curve are not related

to those of a straight line in the way explained, but are related in some

other way,P4n such an equation can always be found.

Let CE be a curve which is so related to the points F, G, and A,

that a straight line drawn from any point on it, as C, to F exceeds

the line FA by a quantity which bears a given ratio to the excess of GA
over the line drawn from the point C to G. 1"81 Let GA=&, AF=c, and

taking an arbitrary point C on the curve let the quantity by which CF

exceeds FA be to the quantity by which GA exceeds GC as d is to e.

Then if we let z represent the undetermined quantity, FC=c+s and

GC^b-^z. Let MA=j/, GM= £->>, and FM=c+y. Since CMG is a
d

right triangle, taking the square of GM from the square of GC we have

114,1 "En remettant en ordre ces termes par moyen de la multiplication."

114,1 "Mais en toute autre qu'on saurait imaginer."
11481 That is the ratio of CF— FA to GA— CG is a constant.
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£ 2be
left the square of CM, or -pZi——z+2by—yl

. Again, taking the

square of FM from the square of FC we have the square of CM
expressed in another way, namely : z2-\-2cz—2cy—y2

. These two expres-

sions being equal they will yield the value of y or MA, which is

d2z2+2cd*z—

e

2z2-\-2bdez

2bd?+2cd2

Substituting this value for y in the expression for the square of CM,

we have

__, bd2z2+ce2z2+2bcd2z—2bcdez
2CM - b<p+cd*

y '

If now we suppose the line PC to meet the curve at right angles at C,

and let PC=j and PA=v as before, PM is equal to v—y ; and since

PCM is a right triangle, we have s2—

v

2-\-2vy—

y

2 for the square of

CM. Substituting for y its value, and equating the values of the square

of CM, we have

, 2bcd2z-2bcdez-2cd2vz-2bdevz-bd*s*+bdW -cd^s'+cdW
Q*+

bd*+c<? +t?v-d*v

for the required equation.

Such an equation having been found'
14*1

it is to be used, not to deter-

mine x, y, or z, which are known, since the point C is given, but to

find v or s, Which determine the required point P. With this in view,

observe that if the point P fulfills the required conditions, the circle

about P as center and passing through the point C will touch but not

cut the curve CE ; but if this point P be ever so little nearer to or far-

ther from A than it should be, this circle must cut the curve not only

i"»j xhree such equations have been found by Descartes, namely those for the

ellipse, the parabolic conchoid, and the curve just described.
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dc GM du quarre'de G C, on a le quarre'de C M, qui eft

d'4
sL\'

m~7 :l~l~ *• by-~yy* Pu" oftant le quarre'de F M
du quarre'de F C,ona encore le.quarre'de C M en d*au-

tres tennes, a fgauoir^4-

2

c%~ 2 cy--yy, & cester-

mes eftant efgaux auxprecedens, il'sfonc connoiftrej,

ouM A ,
qui eft xMd ^ xcdd & fubftituant ce-

te fomme au lieu d'y dans le quarre'deCM , on.trouue

qu'il s'exprttne en ces tennes.

bddzz >i? ceezz £ i bcddz— i bcdez.

bdd * cdd
~"

*
""//•

Puis fuppofant que la ligne droite PC rencontre la

courbe a angles droits au point Cy & faifant PC aox, &
P A»v comme deuant, PMeftv»y

; & a caufe du

trtangle rectangle P C M,on a s s -- vv -H 2 vy—yy pour

le quarre' de C M, ou derechefayant au lieu d'y fubftitue

la fomme qui luy eft efgale, il vicnt

4< 1 btddz.~ibcdtx.~- x tddvx. «. i bdevz — bddss 4. bddvv—
"t\ bii <i> tee eev~44v
- tddss * cddw. yy pourl'equation que nous cherchions.

Or apre's qu'on a trouue'vne telle equation , au lieu

de s'en feruir pour connoiftre les quantite's x t ouj, ou ?,

qui font defia donnees, puifque le point C eft donne', on

la doit employer a trouuerf ,ou /, qui determinent le

point P, qui eft demande'. Et a cet effe<5t il faut confide-

rer,que fi ce point P eft telqu'on le defire, le cercle dout
il fcra le centre,& qui paflera par le point C, y touchera

la ligne courbe C E, fans lacoupper: mais que fi ce point

P, eft tant foit peu plus proche, ou plus efloigne' du point

Xx A,qu'il
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A,qu'ilnedoit,ceccrclecoupperalacourbe , non feu-

lementau point C, mais aufly nefceflaireraent en quel-

que autre. Puis il faut aufly confiderer , que lorfque ce

cercle couppe la ligne courbe C E, l'equation par laquel-

leoncherchelaquantite'#,ou/,ou quelque autre fem-

blable, en fuppofant PA& P C eftreconnues, contient

neceflairement deux racines, qui font inefgales. Car par

exemple fi ce cercle couppe la courbe aux poins C & E,

ayant tire'E Qj>arallele a CM, les noms des quantites

indeterminees x &p, conuiendront aufly bien aux lignes

EQ^ &Q A,qu*a CM, & MA S
puis PE eft efgale a

PC,acaufeducercle, fi bien que cherchant les lignes

EQ &QA, parPE &
^^^c PA qu'on fuppofe com-
"

/P^>v me ^0nDĈ S
»
0I1 aUfa ^

j\
n\ mefme equation, que fi

j\ y^ on cherchoit C M &
/

I X M A par P C, P A. d'ou

f

,.]•*•• Il\ i 1 fuit euideinment,que la

p m QjV valeurdX ou d>, ou de

telle autre quantite qu'on aura fuppofee , fera double en

ceteequation, c'eft a direqu'il y aura deux racines inef-

gales entreelles; &dont l'vne fera CM, l'autre EQ , fi

c'eft a: qu'on cherche^ oubien l'vne fera M A , & l'autre

QA,fic'e%. &ainfi des autres. II eft vray que fi le

point Ene fe trouue pas du mefine cofte* de la courbe

que le point Qiln'y aura que l'vne dc cesdeux racines

quifoit vraye, & 1'aurrefera renucrfel?, ou moindre que

rien: mais plus ces deux poins, C, & E, font prochesl'vn

de i'autre, moins ily a de differenceentre ces deux rati*

nes ;
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at C but also in another point. Now if this circle cuts CE, the equation

involving x and y as unknown quantities (supposing PA and PC
known) must have two unequal roots. Suppose, for example, that

the circle cuts the curve in the points C and E. Draw EQ paral-

lel to CM. Then x and y may be used to represent EQ and QA respec-

tively in just the same way as they were used to represent CM
and MA; since PE is equal to PC (being radii of the same circle),

if we seek EQ and QA (supposing PE and PA given) we shall get the

same equation that we should obtain by seeking CM and MA (suppos-

ing PC and PA given). It follows that the value of x, or y, or any

other such quantity, will be two-fold in this equation, that is, the equa-

tion will have two unequal roots. If the value of x be required, one of

these roots will be CM and the other EQ ; while if y be required, one

root will be MA and the other QA. It is true that if E is not on the

same side of the curve as C, only one of these will be a true root, the

other being drawn in the opposite direction, or less than nothing.
iaoi The

nearer together the points C and E are taken however, the less differ-

i»o] "£t i'autre sera renversee ou moindre que rien."
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ence there is between the roots ; and when the points coincide, the roots

are exactly equal, that is to say, the circle through C will touch the

curve CE at the point C without cutting it.

Furthermore, it is to be observed that when an equation has two

equal roots, its left-hand member must be similar in form to the expres-

sion obtained by multiplying by itself the difference between the

unknown quantity and a known quantity equal to it
;

Iual and then, if the

resulting expression is not of as high a degree as the original equation,

multiplying it by another expression which will make it of the same

degree. This last step makes the two expressions correspond term by

term.

For example, I say that the first equation found in the present dis-

cussion, 1"11 namely

a i
Qry~ 2gvy+ 9

yi~ g^
2

y _|_

q-r

must be of the same form as the expression obtained by making e—y

and multiplying y—e by itself, that is, as y
2—2ey-\-e2 . We may then

compare the two expressions term by term, thus : Since the first term,

y
2
, is the same in each, the second term, 1"*1 — ±-^-, of the first isJ

q—r

equal to —2ey, the second term of the second; whence, solving for v,

r 1
or PA, we have v=e— -e+-r; or, since we have assumed e equal to y,

q 2

r 1
v=y-^-y+- r. In the same way, we can find s from the third term,

q 2

[mi] j^ jS( tjje left-hand member will be the square of the binomial x— a

when x = a.

laS} See page 96. The original has "first equation," not "first member of the

equation."
[in] That is, the second term in y.
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nes.& enfin clles font entierement efgales, s'ils font tous

deux ioins en vn; c'eft adire fi le cercle,qui pafle par C,

y touche la courbe C E fans la coupper.

De plus ilfautconfiderer, que lorfqu'ily a deux raci-

nes efgales en vne equation, elle a neceflairement la

mefine fbrme,que fion multiplie par foy mefme la quan-

tite'qu'on y fuppofe eftre inconnue moins la quantity

connue qui luyeft efgale,& qu'apre's cela fi cete dcrniere

fomme n'apas tant de dimenfions que la precedents,

on la multiplie par vne autre fomme qui en ait autant
qu'il luy en manque; affin qu'il puifle yauoir feparement
equation entre chafcun des termes de l'vne , & chafcun

des termes de l'autre.

Commc par exemple ie dis que lapremiere equation

trouueecydeffiis, afc,auoir

77 Y^r
— — doitauoir lamclme forme que

cellequifeproduiftenfaiiant* efgala/, & multipliant

j
— epar foy mefine,d'ou il vient jy— zty-he e,en forte

qu'onpeut comparerfeparement chafcun de leurs ter-

mes, & dire que puifque le premier qui eft; ; eft tout Ie

mefine en l'vne qu'en l'autre , le fecond qui eft en l'vne
0ry*-2 a vy,

—jZ~r— eft efgalau fecod de l'autre qui eft~ 2 ey ,d'ou.

cherchant la quantite' v qui eft la ligne P A , on a

—^c B vco^ —-^-f-ir,oubie

/^ /^\ !
a caufe que nous auons

( /
E
^J fappofe'^efgala/ ,ona

° T « A V 3>,..'-,+ i r . Et

Xx x ainfi

105



J4& £a Gbometrie.
ainfi on pourroic trouuer / par le troifiefine terme

ee a>
r
—

« maispourceque laquantite' v determine

aflHs le point P,qui ell le feul que nous cherchions,on n'a

pas befoin de patter outre.

Tout demesne la feconde equation trouue'e cydef-

fus,afcauoir,

doit auoir mefine forme , que la fomme qui fe produift1

losfqu'on multiplie fj — zef-i-ee par

y*-J7-*"gg77-*~hj-*-k^ quieft

defa9onquedeces deux equations i'en tire fix autres,

qui feruent a connoiftre les fix quantity'sf9 g, ht £, v,& si

D'ouileftfortayfe'a entendre, que de quelque genre,

quepuifleeftrela ligne courbe propofe'e, il vient tou-

fiours par cete fa§on de proceder autant d'equations,

qu on eft oblige' defuppofer de quantite's
, qui font in-

connue's. Mais pour demeiler par ordre ces equations,

& trouuer enfin la quantity v, qui eft la feule dont on a

befoin,& a l'occafiondelaquelle oncherche les autres:

1 1 faut premierement par le fecond termc chercherft la

premiere des. quantite's inconnues de la derniere fom-
me, & on trouue/bo xe~i b.

Puis par le dernier il faut chercher ^la derniere des

quantite's inconnues de la mefme fomme, & on trouue
, a bbtcdi.
£ 4 3>

Puis

106



SECOND BOOK

nj^ QS*
£ = — ; but since v completely determines P, which is all that is

required, it is not necessary to go further.
tlMJ

In the same way, the second equation found above, 1™1 namely,

y
6-2by6+Ui -2cd-\-di

)y
i+(Ucd-2div)y3

+ (t*d
2 -2b*cd+d*v2-d2

s
2
)y

2
-2l>t?d2y+bi

<?d
2

,

must have the same form as the expression obtained by multiplying

y*-2ey+e~- by y'+ff+gY'+Vy+k*.
that is, as

/+ (f-2e)y*+ (g*-2ef+e*)y*+(h*-2eg*+e*f)y*

+ (k*-2eh*+e2
g
2
)y

2+(e2h3-2ek*)y+e*k4
.

From these two equations, six others may be obtained, which serve to

determine the six quantities /, g, h, k, v, and s. It is easily seen that

to whatever class the given curve may belong, this method will always

furnish just as many equations as we necessarily have unknown quan-

tities. In order to solve these equations, and ultimately to find v, which

is the only value really wanted (the others being used only as means

of finding v), we first determine f, the first unknown in the above

expression, from the second term. Thus, f=2e—2b. Then in the last

terms we can find k, the last unknown in the same expression, from

11541 That is, to construct PC we may lay off AP = v and join P and C. If

instead we use the value of e, taking C as center and a radius CP= <?, we con-

struct an arc cutting AG in P, and join P and C. Rabuel, p. 309. To apply

Descartes's method to the circle, for example, it is only necessary to observe that

all parameters and diameters are equal, that is, q = r; and therefore the equation

T \ 11
v = y y+— r becomes v= , q= -=- diameter. That is, the normal passes

g 2 3 I

through the center and is a radius of the circle. Rabuel, p. 313.

Ilse] See page 99. As before, Descartes uses "second equation" for "first mem-

ber of the second equation."
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b2c*d*
which k*"=>—j— . From the third term we get the second quantity

tf=Ze2—Abe—2cd+b*+d\

From the next to the last term we get h, the next to the last quantity,

which is
11"1

., 2jy</a 2foV2

In the same way we should proceed in this order, until the last quantity

is found.

Then from the corresponding term (here the fourth) we may find

v, and we have

2e
z

3b<? Pe 2ce
,

,
2bc

,
be

2 bV

\

v
=~dT ~~dr + -d*--d

+e+
~d~

+ !r - S'

or putting y for its equal e, we get

2y
l

3by* ,
Py 2cy

, ,
2bc

,
b<? b*<?

v=
'a
T -~dr + ~d

T -~d~ +y+ ~d
+ 7'~ y

'

for the length of AP.

P"1 Found from.
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Puispar le troifiefme rerme il faut chercher ^ la fccondc

quantite
1

, & on a^g so %ee~$be— z cd*>r bb-t-dd.

Puis par lepcnultiefnjeil faut chercher h la pe'nultiefine

. , . /v i ,
zbbccdd ibccdd. . r

quantite, qui eft h s so -rz— Etamlul fau-
et

droit continuer fuiuant ce mefnie ordre iufques a la dcr-

niere, s'ily en auoit d'auantage en cetefomme j car c'eft

chofe qu on peut toufiours faire en mefme facon.

Puisparletermequifuitence mefme ordre, qui eft

icy 1c quatriefme, il faut chercher la quantite' v , & on a

it)
V2Q

ibee bbe tee tbc bcc hlcA

di" dd -*"7d~"d -*~c*"
~d -*~7T"*Ti;~

ou mettant/ au lieu d*e qui luy eft efgal on a
iy, ^yybby i</«., .*.*£. iff.

hbcc
-vy>'di~ dd "+" dd" d

-*"/-*-
d -*-TT~ y>

pourlaligneAP.

Etainfilatroifiefmeequation,qui eft

Xx 3 «-
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^nbcddz.— %be4$K— xcddvz- xbdevx, — bddss ijfr bddvv-

\\ bdd iftttuftitv

.-cddst*yeddvv, . _ -
~ .. . — a la mefme forme que

K.K—*f3L~t~ff> en fuppofant/efgal a $, fi bienque il

y a derechef equation entre — 2/, ou— 2 ^ , &
^ ibedd— 1 bede — t cddv — ibdev. , ._

»,/,,, „,g „„„,,/«, d ou 011 eonnoift que

la quantite eft ^m,-.^^
^^ Ceftpourquoy

c
%^^^^ compofant la

^^^Iv^^. lignc A P , de
^^"b/ ? \/ ^^^-^^^ cetefommeef-
f A m p q gale a v done

touteslesquan-

tites (one connues,& tirant du point P ainfi trouue*, vne
ligne droite vers C, elle y couppe la courbe C E a an-

gles droits, quieftcequ'ilfalloitfaire. Et ie ne voy rien

qui empefche, qu'on n'eftende ce problefme en mefme
fagon a toutcs leslignes courbes,quitombentibus quel*

que calcol Geometrique.

Mefme il eft aremarquer touchaot la derniere fom-

me, qu'on prent a difcretion
, pour remplir Ie nombre

desdimenuonsdel'autrefomme , lorfqu'il y en man-
que , comme nous auons pris tantoft

y Aw^rfy i ~+~ggyy mi~6 '.y**"^4 *
quelesfignes -+-&—

ypeuuenteftrefuppofe'stels, qu'on veut, fans que la If-

gnev, ouA P, ie trouue diuerie pour cela , comme vous

pourres ayfement voirpar experience, car s'il falloit que

iem'areftaHeademonftrertous Its theorefmes dont ie

fais
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Again, the third
[UT1

equation, namely,

, 2bcd*z- 2bcdez- 2cdivz-2bdevz- bd*?+fo/V—f</¥ +cd*v2

*+
bd2 +ce2+^v-d2v

is of the same form as z*—2fz-\-f
2 where f=z, so that —2/ or —2z

must be equal to

2bcd2-2bcde-2cdiv-2bdev

bd2+c<?+<?v-d2
v

whence

bcd*-bcde+bd*z+a?z
V~ ctP+ bde-fz+d^z '

Therefore, if we take AP equal to the above value of v, all the

terms of which are known, and join the point P thus determined

to C, this line will cut the curve CE at right angles, which was required.

I see no reason why this solution should not apply to every curve to

which the methods of geometry are applicable.
1"*1

It should be observed regarding the expression taken arbitrarily to

raise the original product to the required degree, as we just now took

y'+fy>+9
2
y

2+h*y+k'>

that the signs + and — may be chosen at will, without producing dif-

ferent values of v or AP. 11"1 This is easily found to be the case, but if

I should stop to demonstrate every theorem I use, it would require a

["»] First member of the third equation.
tU8J Let us apply this method to the problem of constructing a normal to a para-

bola at a given point. As before, s2 = x2+v2 —2vy+ y2
. If we take as the

equation of the parabola x2 = ry, and substitute, we have

s2 = ry+ v2— 2vy\-y2 or y2 +(r— Zv^y-^v2— s2 = 0.

Comparing this with y
2— 2ey+ e- = Q, we have r— 2v=— 2e; v2— s2 = e2 ;

v= ~ + e. Since e— y, v= z+y. Let AM = y. and w = AP; then

AM— AP = MP= one-half the parameter. Rabuel, p. 314.

lutl
It will be observed that Descartes did not consider a coefficient, as a, in the

general sense of a positive or a negative quantity, but that he always wrote the

sign intended. In this sentence, however, he suggests some generalization.
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much larger volume than I wish to write. I desire rather to tell you

in passing that this method, of which you have here an example, of sup-

posing two equations to be of the same form in order to compare them

term by term and so to obtain several equations from one, will apply

to an infinity of other problems and is not the least important feature

of my general method.
11801

I shall not give the constructions for the required tangents and nor-

mals in connection with the method just explained, since it is always

easy to find them, although it often requires some ingenuity to get short

and simple methods of construction.

11,01 The method may be used to draw a normal to a curve from a given point,

to draw a tangent to a curve from a point without, and to discover points of

inflexion, maxima, and minima. Compare Descartes's Letters, Cousin, Vol. VI,

p. 421. As an illustration, let it be required to find a point of inflexion on the

first cubical parabola. Its equation is ys = a2x. Assume that D is a point of

inflexion, and let CD = y, AC= x, PA= s, and AE = r. Since triangle PAE is

similar to triangle PCD we have -3—=^, whence x= S
----—

.
Substituting in

the equation of the curve, we have y* —?-^ + a*s= 0. But if D is a point of

inflexion this equation must have three equal roots, since at a point of inflexion

there are three coincident points of section. Compare the equation with

y
s_ 3^2+3^_ en — 0.

Then 3<?2 = and e= 0. But e = y, and therefore y = 0. Therefore the point of

inflexion is (0, 0). Rabuel, p. 321.

It will be of interest to compare the method of drawing tangents given by

Fermat in Methodus ad disquirendam maximam et tninimam, Toulouse, 16/9,

which is as follows : It is required to draw a tangent to the parabola BD from a

point O without. From the nature of the parabola ^^> z=«> since ° is without the

Be2 CK2 CD CK2

curve. But by similar triangles—-r=

—

-. Therefore ——>^=5. Let CE= o,

TJl
2 IE2 DI It

d a2
CI = *, and CD = d; then DI = d— e, and -% >j-—-^; whence

a— e (a— e)*

dez— 2ade>— o2
e.

Dividing by e, we have de— lad > — a2
. Now if the line BO becomes tangent to

the curve, the point B and O coincide, de— 2ad=— a2, and e vanishes; then

lad= a2 and o= Id in length. That is CE =.2CD.
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Livre Second, 5A
fais quelque mention, ie fcrois contraint d'efcrirc vn vo-

lume beaucoup plus gros que ie ne defire. Mais ie veuxr

bien en paflant vous auertir que l'inuention defuppofcr

deux equations demefme forme, pour comparer fepa-

rementtous les termes de l'vne a ceux de I'autre , & ainfi

en faire naiftre plufieurs d'vneleule , dont vous aues vil

icy vnexemple, peutferuir a vne infinite' d'autres Pro-

blefmes, & n'eft pas IVne des moindres de lamethode
dont ie meters*

Ien'adioufte point les conftru&ions, pat lefquetles on
peut defcrire les contingentes ou les perpendiculaires

cherchees, enmite du calcul queie viensd'expliquer , a

caufe qu'il eft touiiours ayfe'de les trouuer: Bienque fou-

uenton aicbefoin d'vn pen d'adre(Te r pour les rendre

courtes &fimples,

Commeparexemple, CD Ceft lapremiere conchoi- EXempie

de des anciens, de i« con-

dontAfoitlepo-Sl^.
Ie, & BH la regie: blefincea

r ° la con-
cn lorte que tou- choide^

tesleslignes droi*

tes qui regardenc

vers A , & font

comprifesentrela

courbe CD, &Ja
droite BH , com-

me DB &CE, foientefgales: Etqu'on veuille trouuer

I* bgneC G qui la couppe au point C a angles droits.

Onpourroitencherchant, dans la ligne B H, Ie point

parouceteligneC Gdoicpafler , felon la raethode icy

expli-

D
cV—

—

^-
! \ ^[l B
H\

\ \
A
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tion dc 4
nouuc-
aux gen-

res d'O-
uales, qui

ferucnt a
1"Opa-
que.

$5* La Geometrie.
expliqude, s'engager dans vncalculautant oil plus long

qu'aucundes precedens:Ettoutefois Iaconftruc1:ion,qui

deuroit apres en eftre deduite ,eft fort fimple. Car il ne

faut que prendre C F en la ligne droite CA , & la faire

efgale a. C H qui eft perpendiculaire fur H B : puis du
point FtirerFG, parallele a BA, & efgale a EA: au

moyen de quoy on a le point G , par lequel doit paflfer

CG la ligne cherche'e.

Au refte affin que vous fcachiees que la confideration

deslignes conrbes icypropofe'e n'eft pas fans vfage , &
qu'ellesontdiuerfespropriete's, qui ne cedent en rien a

celles des fe&ions coniques.ie veux encore adioufter icy

I'ex plicationde certaines Ouales, que vous verrcs eftre

tresvtilespourlaTheoriedela Catoptrique , &dela
Dioptrique. Voycy la facon dont ie les defcris.

Premierement ayant tire les lignes droites FA , &
A R, qui s'entrecouppent au point A, fans qu'il importe
a quels angles, ieprens en l'vne le point F a difcretion,

c'eftadireplus oumoinsefloigne'du point A felon que

ie
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Given, for example, CD, the first conchoid of the ancients (see page

113). Let A be its pole and BH the ruler, so that the segments of all

straight lines, as CE and DB, converging toward A and included

between the curve CD and the straight line BH are equal. Let it be

required to find a line CG normal to the curve at the point C. In try-

ing to find the point on BH through which CG must pass (according

to the method just explained), we would involve ourselves in a calcula-

tion as long as, or longer than any of those just given, and yet the

resulting construction would be very simple. For we need only take

CF on CA equal to CH, the perpendicular to BH; then through F
draw FG parallel to BA and equal to EA, thus determining the point

G, through which the required line CG must pass.

To show that a consideration of these curves is not without its use,

and that they have diverse properties of no less importance than those

of the conic sections I shall add a discussion of certain ovals which you

will find very useful in the theory of catoptrics and dioptrics. They
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may be described in the following way : Drawing the two straight lines

FA and AR (p. 114) intersecting at A under any angle, I choose arbi-

trarily a point F on one of them (more or less distant from A accord-

ing as the oval is to be large or small). With F as center I describe a

circle cutting FA at a point a little beyond A, as at the point 5. I then

draw the straight line 56'"11
cutting AR at 6, so that A6 is less than AS,

and so that A6 is to A5 in any given ratio, as, for example, that which

measures the refraction, 1"21

if the oval is to be used for dioptrics. This

being done, I take an arbitrary point G in the' line FA on the same side

as the point 5, so that AF is to GA in any given ratio. Next, along the

line A6 I lay off RA equal to GA, and with G as center and a radius

equal to R6 I describe a circle. This circle will cut the first one in two

points 1, l,
t,M1 through which the first of the required ovals must pass.

Next, with F as center I describe a circle which cuts FA as little

nearer to or farther from A than the point 5, as, for example, at the

point 7. I then draw 78 parallel to 56 and with G as center and a radius

equal to R8 I describe another circle. This circle will cut the one

through 7 in the points 1, 1
I,MI which are points of the same oval. We

can thus find as many points as may be desired, by drawing lines paral-

lel to 78 and describing circles with F and G as centers.

[io] jhe confusion resulting from the use of Arabic figures to designate points

is here apparent.
I1M) That is, the ratio corresponding to the index of refraction.

lwl "Au point 1."
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ie veux faire ces Ouales plus ou moins grandes , &de ce

point Fcomme centre ie defcris vncercle ,
qui paffe

quelquepeuau deladupointA,comme par Ie point f,

puis de ce point j ie tire la ligne droite j 6 , qui couppe

l'autre an point 6, en forte qu* A 6 foit moindre qu* A r

,

felon telle proportion donne'e qu on veut, a f$auoir fe-

lon celle qui mefure les Refra6tions li ons'en veut fer-

uir pour la Dioptrique. Aprds celaie prens aufTy Ie point

G, en la ligne F A,du cofte'ou eft le point r, a difcrccion,

c'eft a dire enfaifant que leslignes A F &G A ont entrc

elles telle proportion donnee qu'on veut. Puis ie fais

R A efgale aG A en la ligne A 6. & du centre G dcfcri-

uant vncercle, dontle rayon foit efgal a Rtf,il couppe

l'autre cercle de part & d'autre au point i
,
qui eft l'vn de

ceux par ou doit pafler la premiere des Ouales cher-

checs. Puisderechefdu centre F ie defcris vn cercle,

qui paffe vn peu au dega, ou au dela du point st comme
par Ie point 7, Scayanttird la ligne droite 7 8 parallele a

S 6 t
du centreG ie defcris vn autre cercle, dont Ie rayon

eft efgal a la ligne R8. & ce cercle couppe celuy qui

pafle par le point 7au point 1 ,
qui eft encore 1'vn de ceux

de la mefme Ouale. Et ainfi on en pcut trouuer au-

tant d'autres qu on voudra , en tirant derechef d au-

tres ligncs paralleles a 7 8, & d'autres cercles dcs centres

F,&G.
Pour la feconde Ouale il n'y a point de difference , fi-

nonqu'aulieud'ARilfautde l'autre coftd du point A
prendre A S efgal aA G, & que le rayon du cercle de-

fcritdu centre G, pour coupper celuy qui eft defcrit du

centre F & qui paffe par le point y , foit efgal a la

Yy ligne
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ligne S 6y
ou qu'il loit efgal a S 8 , fi c'eft ponr coupper

eeluyqui palTepar le point 7. & ainfi des autres. au
moyen dequoy ces cercles s'entrecouppent anx poins

marque's 2,2,, qui font ceux de cete feconde Oualc
A z X.

Pour latroifiefme, & la quatriefme, au lieu de la ligne

A G il faut prendreA H de lautre cofte' du point A, a

f^auoir du mefme qu'eft le point F. Et il y a icy de plus

a obferuer que cete ligneA H doit eftre plus grande que
AF:Iaquellepeutmefme eftre nulle , en forte que le

point Ffe rencontre ou eft le point A, en la defcription

detoutescesouales. Aprcscela les lignes A R , & A S
eftant efgales a AH , pour defcrire la troifieime ouale

A3Y,iefaisvacercfe du centre H, dont le rayon eft

efgai
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In the construction of the second oval the only difference is

that instead of AR we must take AS on the other side of A, equal

to AG, and that the radius of the circle about G cutting the circle about

F and passing through 5 must be equal to the line S6 ; or if it is to cut

the circle through 7 it must be equal to S8, and so on. In this way the

circles intersect in the points 2, 2, which are points of this second oval

A2X.

To construct the third and fourth ovals (see page 121), instead of

AG I take AH on the other side of A, that is, on the same side as F.

It should be observed that this line AH must be greater than AF, which

in any of these ovals may even be zero, in which case F and A coincide.

Then, taking AR and AS each equal to AH, to describe the third oval,
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A3Y, I draw a circle about H as center with a radius equal to S6 and

cutting in the point 3 the circle about F passing through 5, and another

with a radius equal to S8 cutting the circle through 7 in the point also

marked 3, and so on.

Finally, for the fourth oval, I draw circles about H as center with

radii equal to R6, R8, and so on, and cutting the other circles in the

points marked 4.
1*"1

lltii In all four ovals AF and AR or AF and AS intersect at A under any

angle. F may coincide with A, and otherwise its distance from A determines the

size of the oval. The ratio A5 : A6 is determined by the index of refraction of

the material used. In the first two ovals, if A does not coincide with F it lies

between F and G, and the ratio AF : AG is arbitrary. In the last two, if F does

not coincide with A it lies between A and H, and the ratio AF : AH is arbitrary.

In the first oval AR = AG and the points R, 6, 8 are on the same side of A. In

the second oval AS = AG and S is on the opposite side of A from 6, 8. In the

third oval AS = AH and S is on the opposite side of A from 6, 8. In the fourth

oval AR =AH and R, 6, 8 are on the same side of A. Rabuel, p. 342.
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efgal a S 6, qui couppe au point $ ccluy du centre F, qui

pafle par le point y;
&vn autre dontle rayon eft efgal a

S 8, qui couppe celuyqui pafleparle point 7, au point

aufly marque' y,& ainfi des autres. Enfinpour la derniere

ouale
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oualeiefaisdescerclesdu centre H , dont les rayons

font efgaux aux lignes R 6,R 8, & femblables ,
qui coup-

pent les autres cercies aux poins marquds 4.

On pourroit encore trouuer vne infinite* d'autres

moyens pourdefcrire ces mefmes ouales. comme par

exemple,on peut tracer la premiere AV, lorfquonfup-

pofe les lignes FA & AG eftre efgales , fi on diuife la

touteFG au point L, en forte queFL foit aLG , com-

meA f aA £. c'efta dire qu'elles ayent la proportion,

qui mefure les refractions. Puis ayant diuifcfAL en deux

parties efgales au point K, qu'on facetourner vne reigle,

commeF E, autour du point F, en preflant du doigt C,

la chorde£ C, qui eftant attachee au bout de cete reigle

vers E, fe replie de C vers K, puis de K derechef vers C,

& deC v ers G, ou fon autre bout foit attache' , en forte

que la longeur de cete chorde foit compose de celle

des lignesGA plusAL plus FE moins AF. & cetera

Iemouuementdu point C, qui defcrira cete ouale , a

limitation de cequi a cfte'dit en la Dioptriq*.de l'Ellipfe,,

&
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There are many other ways of describing these same ovals. For
example, the first one, AV (provided we assume FA and AG
equal) might be traced as follows : Divide the line FG at L so that

FL : LG=A5 : A6, that is, in the ratio corresponding to the index

of refraction. Then bisecting AL at K, turn a ruler FE about the

point F, pressing with the finger at C the cord EC, which, being

attached at E to the end of the ruler, passes from C to K and then

back to C and from C to G, where its other end is fastened. Thus the

entire length of the cord is composed of GA+AL+FE—AF, and the

point C will describe the first oval in a way similar to that in which the
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ellipse and hyperbola are described in La Dioptrique}
1"* But I cannot

give any further attention to this subject.

Athough these ovals seem to be of almost the same nature, they

nevertheless belong to four different classes, each containing an infinity

of sub-classes, each of which "in turn contains as many different kinds

as does the class of ellipses or of hyperbolas ; the sub-classes depend-

ing upon the value of the ratio of A5 to A6. Then, as the ratio of AF
to AG, or of AF to AH changes, the ovals of each sub-class change in

kind, and the length of AG or AH determines the size of the oval.
11"1

If A5 is equal to A6, the ovals of the first and third classes become

straight lines ; while among those of the second class we have all pos-

sible hyperbolas, and among those of the fourth all possible ellipses.
11™1

In the case of each oval it is necessary further to consider two por-

tions having different properties. In the first oval the portion toward

A (see page 114) causes rays passing through the air from F to con-

verge towards G upon meeting the convex surface 1A1 of a lens

whose index of refraction, according to dioptrics, determines such

ratios as that of A5 to A6, by means of which the oval is described.

im See the notes on pages 10, 55, 112.

IW7] Compare the changes in the ellipse and hyperbola as the ratio of the length

of the transverse axis to the distance between the foci changes.
iMfl These theorems may be proved as follows: (1) Given the first oval, with

A5 = A6; then RA = GA; FP = F5; GP = R6= AR— R6 = GA— A5 = G5.

Therefore FP+ GP = F5+ G5. That is, the point P lies on the straight line FG.

(2) Given the second oval, with A5 = A6; then F2 = F5 = FA+ A5;

G2=S6=SA+A6= SA+ A5;G2— F2 = SA — FA= GA— FA= C. There-

fore 2 lies on a hyperbola whose foci are F and G, and whose transverse axis is

GA— FA. The proof for the third oval is analogous to (1) and that for the

fourth to (2).

It may be noted that the first oval is the same curve as that described on

page 98. For FP = F5, whence FP— AF=A5, and AR=AG; GP = R6;

AG— GP = A6. If then A5 : A6= d : e we have, as before,

FP— AF : AG— GP = d : e.
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ScdeTHyperbole. mais ie nevcux point m'areftet plus

longterns fur ce fuiet.

Or encore que toutescesooalesfemblent eftre quad

demefmenature,elles font neanmoins de4 diuers gen-

res, chafcun defqucls contient fbus foy vne infinite d'au-

tres genres, quidcrechefcontienent chafcun autant de

diuerfesefpeces, que fait Ie genre des ElHpfes , ou celuy

des Hyperboles.Car felon que la proportion ,
qui eften-

tre les lignesA r, A 6, ou femblables, eft differente . Ie

genre fubalternede cesouales eft different. Puis felon

que laproportion* qui eft entre les lignesA F, &A G,ou

A H, eft changee, les ouales de chafque genre fubalter-

ne changent d'efpece. Et felon qu*A G,ouAH eft plus

ou moins grande, elles font diuerfes en grandeur. Et fi

les lignes A 5 & Ad fontefgales, au lieu des ouales du
premier genre oudutroifiefme, onne defcrit que des
lignes droices; mais au lieu de cclles du fecond on a tou-

tes les Hyperboles poffibles; & au lieu de cellesdu der-

niertoutes les Ellipfes.

Outre cela en chafcune de cesouales il faut confiderer L«pro-

deux parties, qui ont diuerfes propriete's
;
a fcauoiren la

J"s"^jjj

premiere, la partie qui eft vers A, fait que les rayons, qui touchant

eftant dans Pair vienent du point F , fe retouruent tous ["n^&
vers le pointG , lorfqu'ils rencontrent la fuperficie con- !« «&»-

uexedVn verre,dont la fuperficie eft 1 A 1, & dans le-

quel les refractions fe font telles, que fuiuant ce qui a

efte'ditenlaDioptrique, elles peuuenttoutes eftre me-
furees par laproportion

,
qui eft entre les lignes A j-

&

A tf,ou femblables, par l'ayde defquelles on a defcrit cete

ouale,

Yy 3 Mais
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Maislapartie, qui eft vers V, fait que les rayons qui

vienent du pointG fe reflefchiroient tons vers F , s'ils y
rencontroient la fuperficie concaue d'vn mifoir , dont la

figure fuft i V i , & qui fuft de telle matiere qu'il di-

minuaft la force de ces rayons,felon la proportion qui eft

entre les IignesA 5 &A 6 : Car de ce qui a efte* demon-

ftre* en la Dioptrique, il eft euident que ccla pofe*, les an-

glesde la reflexion feroient inefgaus, aufly bien que font

ceux de la refraction, & pourroient cftre mefure's en
mefme forte.

En lafeconde ouale la partie 2 A 2, fort encore pour les

reflexions dont on fuppofe les angles eftre inefgaux. car

eftantenla fuperficie d'vn miroir compote de mefme
matiere quele precedent,eHe feroit tellement reflefchir

tous les rayons, qui viendroientdu point G, qu'ils fem-

bleroientapres eftre reflelchis venirdu point F. Et il

eftaremarquer, quayant fait la Iigne A G beaucoup

plus
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But the portion toward V causes all rays coming from G to converge

toward F when they strike the concave surface of a mirror of the

shape of 1V1 and of such material that it diminishes the velocity of

these rays in the ratio of A5 to A6, for it is proved in dioptrics that in

this case the angles of reflection will be unequal as well as the angles

of refraction, and can be measured in the same way.

Now consider the second oval. Here, too, the portion 2A2 (see

page 118) serves for reflections of which the angles may be assumed

unequal. For if the surface of a mirror of the same material as in the

case of the first oval be of this form, it will reflect all rays from G,

making them seem to come from F. Observe, too, that if the line AG
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is considerably greater than AF, such a mirror will be convex in the

center (toward A) and concave at each end ; for such a curve would

be heart-shaped rather than oval. The other part, X2, is useful for

refracting lenses; rays which pass through the air toward F are re-

fracted by a lens whose surface has this form.

The third oval is of use only for refraction, and causes rays travel-

ing through the air toward F (page 121) to move through the glass

toward H, after they have passed through the surface whose form is

A3Y3, which is convex throughout except toward A, where it is slightly

concave, so that this curve is also heart-shaped. The difference between

the two parts of this oval is that the one part is nearer F and farther

from H, while the other is nearer H and farther from F.

Similarly, the last of these ovals is useful only in the case of reflec-

tion. Its effect is to make all rays coming from H (see the second

figure on page 121) and meeting the concave surface of a mirror of

the same material as those previously discussed, and of the form

A4Z4, converge towards F after reflection.

The points F, G and H may be called the "burning points" t1"1 of

these ovals, to correspond to those of the ellipse and hyperbola, and

they are so named in dioptrics.

I have not mentioned several other kinds of reflection and refraction

that are effected'
1701

by these ovals ; for being merely reverse or opposite

effects they are easily deduced.

im That is, the foci, from the Latin focus, "hearth." The word focus was

first used in the geometric sense by Kepler, Ad Vitellionem Paralipomena, Frank-

fort, 1604. Chap. 4, Sect. 4.

11701 "Reglees."
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plus grande que A F, ce miroir feroit conuexe an milieu,
vers A, & concaue aux extremitez: car telle eft la figure
tfecete ligne, qui en cela reprefente plutoft vn coeur
qu'vne ouale.

Mais fon autre partie X 2 fert pour les refractions,&
fait que les rayons, qui eftant dans 1'air tendent vers F,fe
detournent vers G, en trauerfant la fuperficie d'vn ver-
re, qui en ait la figure.

La troiliefme ouale fert toute aux refractions
, & fait

que les rayons, qui eftant dans lair tendent vers F fe
vont rendre versH dans le verre, apre's qu'ils ont trauer-
fe fa fuperficie, dont la figure eft A 3 Y 3 , qui eft conue-
xe par tout.excepte- vers A ou elle eft vn peu concaue en
force qu'elle a la figure d'vn coeur aufly bien que la pre-
cedente. Et la difference qui eft entre ks deux parties
decete ouale, confifte en ce que le point F eft plus pro-
chede l'vne

, que n'eft le point H- & qu'il eft plus
efloigne'de lautre, que ce mefme point H.
En mefme fa§on laderniere ouale fert toute aux re-

flexions, & fait que fi les rayons,qui vienent du point H,
rencontroient la fuperficie concaue d'vn miroir de mefl
me matiere que les precedens, & dont la figure fuft A 4Z 4, ils fe reflefchiroient tous vers F.

Defa5onqu'onpcutnommerlespoinsF, &G, ouH
IespoinsbruflansdecesouaIes,al'exemplede ceux des
EHipfes, & des Hyperboles, qui ontefteainfi nommes
enlaDioptrique.

I'ometsquantitcfdautres refractions, & reflexions,
qui font reigldes par ces mefmes ouales : car n'eftant
que les conuerfes, ou les contraires de celles cy, dies en

peuuent
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Demon- peuuent fatflement eftrc deduites. Mais il ne faut pas

Se?pro- <
3
ue i'omettc la demonftration de ceque iay dit. & a cet

prieccsdc CfFe<3:,prenons par exemplele point C a difcrction en la

toud!a«
$

premiere partie de la premiere de ces ouales
;
puis tirons

icsrefle- ^^ la ligne droite
xions tc ^^^" —

-

#-i t»
rcfra- cZ^"^ CP, qui coup-
on*. ^<^v~>- pelacourbeau

^^31 > \/ ^"—^^*—^ Point ^ * an"

p A ii p
' ^"^g

&tes droits, ce-

qui eft facile

par Ie problefme precedent
; Car prenant b pour AG , c

pourA F, e «+• ^ pourF C; & fuppofant que la propor-

tion qui eftentre d&e, que ie prendray icy toufiours

pour celle qui mefureies refractions du verre propofe',

defigueauffy celle qui eft entreles lignesA 5, &A 6, on

femblables, qui out ferui pour defcnre cete ouale,ce qui

donneb—y^pourG C: on tronue que la ligne A P eft

1,4***4*44*:.^ ainfiqu'ilaeftemonftrccy deflbs.

De plus du point Payant tire'PQ.a angles droits fur la

droiteF C, &PN aufly a angles droitsfurG C,confide-

rons que fi P Qeft a P N, comme d eft a e , c'eft a dire,

commeles lignes qui mefurent les refractions du verre

conuexe A C, Ie rayon qui vient du point F au point C,

doit tellement sycourberen entrant dans ce verre, qu'il

s'aille rendre apreft vers G: ainfi qu'il eft tres euident de

cequiaefte'ditenlaDioptrique. Puis enfin voyons par

le calcul, s'il eft vray, queP Qfoit iPN- comme d eft

a e. Les triangles rectanglesP Q F, & C M F font fera-

blablesj
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I must not, however, fail to prove the statements already made. For
this purpose, take any point C on the first part of the first oval, and
draw the straight line CP normal to the curve at C. This can be done

by the method given above,
11711

as follows

;

Let AG=&, AF=c, FC=c-\-z. Suppose the ratio of d to e, which

I always take here to measure the refractive power of the lens under

consideration, to represent the ratio of A5 to A6 or similar lines used

to describe the oval. Then

QC = b-~z,
a

whence
bed2— bcde+bcPz+afzAP= -

bde+cd^+cPz-fz

From P draw PQ perpendicular to FC, and PN perpendicular to GC. 11™1

Now if PQ : PN=rf : e, that is, if PQ : PN is equal to the same

ratio as that between the lines which measure the refraction of the

convex glass AC, then a ray passing from F to C must be refracted

toward G upon entering the glass. This follows at once from dioptrics.

ll71) See page 115.

11731 Here PQ is the sine of the angle of incidence and PN is the sine of the

angle of refraction. The ray FC is reflected along CG.
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Now let us determine by calculation if it be true that PQ : PN=d : e.

The right triangles PQF and CMF are similar, whence it follows that

FP pvj
CF : CM = FP : PQ, and-

' =PQ. Again, the right triangles

OP CM
PNG and CMG are similar, and therefore —

—

'- — = PN. Now since

the multiplication or division of two terms of a ratio by the same num-

. ., FP.CM GP.CM , 4, ,. .,.

ber does not alter the ratio, if —--— :
—Fn~~ d:e '

then, dividing

each term of the first ratio by CM and multiplying each by both CF

and CG, we haye FP . CG : GP . CF=d : e. Now by construction,

bed2—bcde+bd2z+cc2z
FP=c+

~c~d2~+bde—e2z+d2z
'

or FP=
bcd2+c2d2+bd2z-\-cd2z

cd2+bde—e2z+d2z '

and CG= b~^s.
a

b 2cd2+bc2d2
-\-b

2d2z-\-bcd2z—bcdez—c2dez—bdez2—cdez2

FP ' CG= ccP+bde—e'e+d'g
"

Then
bed2— bcde-\-bd2z-\-ce

2z
GP

=

b~~Td*+bde^e 2s+d"z~

'

or

b
2de-\-bcde—be2z—ce2z

~ cd2+bde—e2zArd'
iz '

and CF=c-\-z. So that

_ b 2cde+bc2de+b 2dez+bcdez— bce2z—

c

2e2z-be2z2— ce2
z*

GP.CF= riP+bde—e2s+d*s
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blables
;
d'ou il fuit que CFeftiCM, comme F P eft a

P Q j
&parconfequent que FP , eftant raultiplic'e pat

C m' & diuifee par C F, eft'efgale a P CL Tout de mef-

me les triangles re&angles P NG , & CMG font fem-

blables
;
d'ou il fuit queG P, multipliee parC M, & diui-

fee parC G, eft efgale aP N. Puisa catffe que les mul-

tiplications, oudiuifions, qui fe font dedeux quantites

par vne mefme, ne changent point la proportion qui eft

entre elles
;
fi F P multiplied par C M ; & diuifee parC F,

eft a G P multipliee aufly par GM & diaifcfe par C G;

comme Teliae, en diuifantl'vne&ri autre de ces deux

foinmes par CM , puis les mukipliant toutes deux par

C F, &: derechefparC G,il refte F P multiplied par C G,

qui doit eftre a G P multipliee par C F, comme d efta<?«

H* bcdd— bed* *& bddti&««>
Or par la conftruftion F P eft c w^ cdd^ d(U „ tt7,

—
oubien F P co hcdd*ccdd*bddz*cddz.

^ft
bdej% cdd •£ dd\ - eex.

b - ~dK' fibienque multi
jrfiantF P par CG il vient

bbeddq? bccddUfbbddx.* bcddz - bcde*. - ccdez ~ bdtxA »- edez.\.

b~dt*Idd ifrddf^eez
x

_ « , - bcdd*bcde- bddz, — tttZ, ..
PuisGPeft h -U-^M^ddz-ee, ' °ublCI1

~~ bbd**ftbtde~6eez, — ceez
l
> ~

,GP»-,^7^*^--^T-&CFeft^^
fibienque mukipliantG P parC F , il vient

bbcde »£ bade — bctez - cceez »fr bbde\ >fr bcdeZ— beezz — ceezz.

bde-*y cdd $t ddz. — eez

Et pourcequela premiere de ces fommes diuifee par//,

eft la mefme que la feconde diuife'e par e, il eft manifefte,

que F P multiplied par C G eft a G P multipliee par CF;

Z z cfeft

133



5*2 La Gbometrie.
c'eftadirequePQeftaPN,comme^efta e, qui eft

tout ce qu'il falloit demonftrer.

Et f^aches, quecete mefme demonftration s'eftend

a tout ccqut a efte dit des autres refractions ou refle-

xions, qui fe font dans les oualespropofe'es
i

fans qu'il y
faille changer aucune chofe

, que les fignes -4- & — du
calcul. c'eftpourquoy chafcunles peut ayfement exa-

miner de fbymefme, fans qu'il foit befoin que ie m'y
arefte*

Mais il faut maintenent, queie fatisface a ce que iay

omis en la Dioptrique,lorfqn'aprcs auoir remarquelqulL
peut yauoirdes verres de plufieurs dinerfes figures, qui

fecentaufTy bien Ivn que l'autre, que les rayons venans

d'vn mefme point de l'obiet, s'aflemblent tous en vn au-

tre point apres les auoir trauerfes. & qu'entre ces verres,

ceux qui font fort conuexes d'un cofte', & concaues de
l'autre, ont plus deforce pour brufler, que ceux qui font

efgalement conuexes des deux eoftds. au lieu que tout

au contraire ces derniers font les meilleurs pour les Iune-

tes. ie me fuis contented expliquerceux ,
que i'ay crft

eftre les meilleurs pour la prattique, en fuppofant ladiffi-

culte que les artifans peuuent auoir a les tailler. C'efc

pourquoy,affin qu'il ne refte rien a fouhaiter touchant la

theorie de cete feience,ie doyexpliquer encore icy la fi-

gure des verres, qui ayant Tvne de leurs fuperficies au-

tantconuexe, ou concaue, qu'onvoudra, nelaiflentpas

de faire que tous les rayons , qui vienent vers eux d'vn

mefme point, ou paralleles , s'aflemblent aprtfs en vn
mefme point ; & celle des verres qui font le femblable*

eftant efgalement conuexes des deux cofte's , oebienla

conue-
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The first of these products divided by d is equal to the second divided

by e, whence it follows that PQ : PN=FP.CG: GP.CF=<J : e,

which was to be proved. This proof may be made to hold for the

reflecting and refracting properties of any one of these ovals, by proper

changes of the signs plus and minus ; and as each can be investigated

by the reader, there is no need for further discussion here.
117*1

It now becomes necessary for me to supplement the statements made

in my Dioptrique
tl74]

to the effect that lenses of various forms serve

equally well to cause rays coming from the same point and passing

through them to converge to another point ; and that among such lenses

those which are convex on one side and concave on the other are more

powerful burning-glasses than those which are convex on both sides

;

while, on the other hand, the latter make the better telescopes.
11™1

I

shall describe and explain only those which I believe to have the great-

est practical value, taking into consideration the difficulties of cutting.

To complete the theory of the subject, I shall now have to describe

111,1 To obtain the equation of the first oval we may proceed as follows
:

Let

AF= c; AG= b;FC=c+ s;GC=d-~z. Let CU=x, AM=y. FM=c+y;
a

GM = b— y. Draw PC normal to the curve at any point C. Let AP = v. Then

CIf2=UM2+FM2
. Also, c2 +2cz+z2 = x*+ c*-+2cy+y2

, whence

z=— c+Vx2+ c2+ 2cy+

y

2
.

Also, CG2= CA^-f- GTS
2

, whence

b2— 2^§z + ^,z2 = x2+ b2— 2by+y*.
a a*

Substituting in this equation the value of z obtained above, squaring, and simplify-

ing, we obtain

:

[ (d2 -e2)x2+ (d2 -e2
)y2 -2(e2c+bd2)y-2ec(ec-bd)~)f

= 4e2 (bd+ ec) 2 (x2+ c2+2cy+y2 ). Rabuel, p. 348.

11741 Descartes : La Dioptrique, published with Discours de la Methode, Leyden,

1637. See also Cousin, vol. Ill, p. 401.

[mi "Lunetes." The laws of reflection were familiar to the geometers of the

Platonic school, and burning-glasses, in the form of spherical glass shells filled with

water, or balls of rock crystal are discussed by Pliny, Hist. Nat. xxxvi, 67 (25)

and xxxvii, 10. Ptolemy, in his treatise on Optics, discussed reflection, refraction,

and plane and concave mirrors.
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again the form of lens which has one side of any desired degree of con-

vexity or concavity, and which makes all the rays that are parallel or

that come from a single point converge after passing through it ; and

also the form of lens having the same effect but being equally convex

on both sides, or such that the convexity of one of its surfaces bears a

given ratio to that of the other.

In the first place, let G, Y, C, and F be given points, such

that rays coming from G or parallel to GA converge at F after

passing through a concave lens. Let Y be the center of the inner sur-

face of this lens and C its edge, and let the chord CMC be given, and

also the altitude of the arc CYC. First we must determine which of

these ovals can be used for a lens that will cause rays passing through

it in the direction of H (a point as yet undetermined) to converge

toward F after leaving it.

There is no change in the direction of rays by means of reflection or

refraction which cannot be effected by at least one of these ovals ; and

it is easily seen that this particular result can be obtained by using either

part of the third oval, marked 3A3 or 3Y3 (see page 121), or

the part of the second oval marked 2X2 (see page 118). Since

the same method applied to each of these, we may in each case take Y
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conuexitcde I'vnc de leurs fuperficies ayant la propor-

tion donne'ea cellede Pautre.

Pofonspourle premier cas, que lespoins G,Y, C, &F ^"Jf
eftant donnes, les rayons qui vienent du point G, oubien faire vn

quifbntparallelesa GAfe doiuent aflembler an point
t

v

a"J
e

CooI

F, apres auoir trauerfe'vn verre fi concaue ,
qu'Y eftant u«c ou

le milieu de fa fupcrficie interieure, I'extremite' en fbit
c

cl°i>™'

au point C,en forte que la chorde CMC, 8dafleche<fefcs fo-

Y M de Tare CYC, font donnees. La queftion va la, 5"oa
^

que premierement ilfaut confiderer , de laquelle des™"^
oualesexpliquees, lafuperficie du verre Y C , doit auoir 2mbk

a

la figure, pour faire que tous tes rayons, qui eftant de-™?™'

dans tendent vers vn mefine point, comme vers H , qui tous i«

n'eft pas encore connu,s'aiIlentrendre vers vn autre, a^J.
fcauoir versF , apr^s en eftre fortis. Car il n*y a aucun »«« d'm

effect touchantle rapport des rayons change* par reflc- po"D
c

t

xion , ou refraction dVn point a vn autre ,
qui ne puifle <*°nn*-

eftre caufe'par quelquVne de ces ouales. & on voit

ayfementque cefuycy le peut eftre par la partie de la

troifiefmeOuale,quiatantoft eftd marquee 3 A 3, ou

par celle de lamefine, quiaefte* marquee 3Y 3 , ou enfin

par lapartie de la feconde qui a efte'marque'e 2X2. Et

pourceque ces trois tombent icy fous mefine calcul, on-

doittant pour lvne, que pour l'autre prendre Y pour

Zz 2 leur
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leurfommer, CpourlVndespoinsde leurcirconferen-

ce,&Fpourl'vndeleurspoins bruflans
;
apre's quoy il

uerefte plus a chercher que le point H, qui doit eftre

l'autre point bruflant. Etonle trouue en confiderant,

que la difference, qui eft entre les lignes F Y & F C,doit

eftre a celle, qui eft entre les lignesHY&HC,comme
dttt a e, e'eft a dire,comme la plus grande des lignes qui

mefurent les refractions du verre propofe' eft a la moin-

dre
s
ainfi qu'on peut voir manifeftement de la defcri-

ption de ces ouales. Et pourceque les lignes FY& F C
font donnees, leur difference l'eft aufly , & en fuite celle

qui eft entreHY&HC; pourceque la proportion qui

eft entre ces deux differences eft donne'e. Et de plus a

caufe queYM eft donne'e , la difference qui eft entre

M H,&H C, l'eft aufTy
;
& enfin pourceque CM eft don-

ne'e, ii ne refte plus qu'i trouuerMH le cofte'du triangle

rectangleC MH,donton a Fautre cofte' CM, & on a

aufly la difference qui eft entre C H la baze , & M H le

cofte'demande. d'ou il eft ayfe'dele trouuer. car ft on

prent ^pourrexeds de CH furM H,& n pour la longeur

de la ligneC M, on aura ~
k
— \ 1^ pour M H. Et apre's

auoirainfile pointH»s
,

ilfetroune plus loin du pointY,

que
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(see pages 137 and 138), as the vertex, C as a point on the curve/"
8'

and F as one of the foci. It then remains to determine H, the other

focus. This may be found by considering that the difference between

FY and FC is to the difference between HY and HC as d is to e ; that

is, as the longer of the lines measuring the refractive power of the lens

is to the shorter, as is evident from the manner of describing the ovals.

Since the lines FY and FC are given we know their difference ; and

then, since the ratio of the two differences is known, we know the dif-

ference between HY and HC.

Again, since YM is known, we know the difference between MH
and HC, and therefore CM. It remains to find "MH, the side of the

right triangle CMH. The other side of this triangle, CM, is known,

and also the difference between the hypotenuse, CH and the required

side, MH. We can therefore easily determine MH as follows

:

n2
1

Let £=CH-MH and « = CM; then ~-^=MH, which deter-

mines the position of the point H.

[mi "Circonference."

139



GEOMETRY

If HY is greater than HF, the curve CY must be the first part of

the third class of oval, which has already been designated by 3A3.

But suppose that HY is less than FY. This includes two cases:

In the first, HY exceeds HF by such an amount that the ratio

of their difference to the whole line FY is greater than the ratio of e,

the smaller of the two lines that represent the refractive power, to d,

the larger; that is, if HF=c, and HY=c-f-A, then dh is greater than

2ce-\-eh. In this case CY must be the second part 3Y3 of the same

oval of the third class.

In the second case dh is less than or equal to 2ce-\-eh, and CY is the

second part 2X2 of the oval of the second class.

Finally, if the points H and F coincide, FY= FC and the curve

YC is a circle.

It is also necessary to determine CAC, the other surface of the lens.

If we suppose the rays falling on it to be parallel, this will be an ellipse

having H as one of its foci, and the form is easily determined. If,

however, we suppose the rays to come from the point G, the lens must

have the form of the first part of an oval of the first class, the two foci

of which are G and H and which passes through the point C. The

point A is seen to be its vertex from the fact that the excess of GC
over GA is to the excess of HA over HC as d is to e. For if k repre-

sents the difference between CH and HM, and x represents AM, then

x—k will .represent the difference between AH and CH ; and if g repre-

sents the difference between GC and GM, which are given, g-\-x
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que n'en eft Ie point F, la ligne C Y doit eftre la premie-

re partie defoliate du troifiefme genre,qui a tantoft eftd

nomme'e 3 A y. Mais ii H Y eft moindre que F Y, oubien
elle furpaflTe H F de tant

, que leur difference eft plus

grandearaifondelatoute F Y, que n'eft e la moindre
des Iignes qui inefurenf

1

fes refractions compared auec d
la plus grande, c'eft a dire que faifant H F to e t &
HY 00 ci-ht

dh eft plus grande que 2 c e -+• e h , & lors

C Y doit eftre la feconde partie de la mefme ouate du

troifiefme genre, qui a tantoft efte'nome'e 3 Y3jOubien

d^eftefgale, ou moindre que zce-t-eb* &c lors CY
doit eftre la feconde partie de i'ouale du fecond genre

qui a cydefTuseftenommee 2X2. Et enfin file pointH
eftle mefme que le point F,ce qui n'arriue quelorfque

FY &F C font efgales cete ligneY C eft vn cercle.

Aprds cela il faut chercherC A C l'autre fuperficiede
ce verre, qui doit eftre vne Eilipfe , dontH foit le point

bruflantjfi on fuppofe que les rayons qui tombent deffus

foiet parallelesj & lors il eft ayfdde la trouuer. Mais fi on
fuppofe qu'ils vienet du point G,ce doit eftre la premiere

partie d'vne ouale du premier genre,dortt les deux poins

bruflans foietG & H, & qui pafTe par le point C:dou on
trouue le pointApourle fommet de cete ouaIe,enconfi-
derat,que GCdoit eftre plus grade que GA,d'vne quan-

tite^qui foit a celle dont HA furpaffe H C,comme dke*

car ayant pris ^pour la difference,qui eft entreCH.&H
M,fi on fuppofe a:pourA M,on aurajx -- k^ pour la diffe-

rence qui eft entreAH,&CHj puis fi on prent g pour

celle, qui eft entre G C,&GM , qui font donndes, on

aura£-t-#pour celle, qui eft entre GC, &GA 5 &
Zz 3 pour-
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cm pcut

faire vn

verre,qui

aide mef-

me efFed

que le

precedet,

& que la

conuexi-

tedel'vne

dc fes fu-

petficies

ait la pro-

portion

donnee
aueccellc

detautrc.
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pourccque cctc derniere^ -f- x eft a l'autre x— ^, com-

me//eft a e, on kge-i-exoodx -a<, oubien —j^
pour la ligne at, ou AM , par laquelle on determine le

pointA qui eftoit cherchd

Pofonsmaintenent pour l'autre cas, qu'on ne donne

que Ies poins G C, & F, auec la proportion qui eft entre

les lignesAM.&Y M, & qu'il faille trouuer la figure du

verreACY, qui face que tousles rayons, qui vienent

du pointG s'affemblent au point F.

On peut derechef icy fe feruir de deux ouales dont

l'vne,A C, aitG &H pour fes poins bruflany
; & Tautre,

C Y,aitF&H pour les fiens.Et pour les trouuer,premie-

rement fuppofant le point H qui eft commun atoutes

deuxeftre connu, iecherche A M paries trois poins

G,C,H,en la fa§on tout maintenent expliquefeja f§auoir

preuant 4pour la difference, qui eft entreC H , &HM
S

teg pour celle qui eft entre GC> &GM: & ACeftant

la premiere partie de TOuale du premier genre , iay

g
-
dmm e

pourA M: puis ie cherche auflyMY par les trois

poinsF,C,H, en forte que CY foit la premiere partie

d'vne ouale du troifiefine genre; &prenanty pourM Y,

de
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will represent the difference between GC and GA; and since

g+x : x—k=d : e, we have ge-\-ex=dx—dk, or AM-.r-^+^
which enables us to determine the required point A.

Again, suppose that only the points G, C, and F are given, together
with the ratio of AM to YM ; and let it be required to determine the
form of the lens ACY which causes all the rays coming from the point

G to converge to F.

In this case, we can use two ovals, AC and CY, with foci G and H,
and F and H respectively. To determine these let us suppose first

that H, the focus common to both, is known. Then AM is determined

by the three points G, C, and H in the way just now explained ; that is

if k represents the difference between CH and HM, and g the differ-

ence between GC and GM, and if AC be the first part of the oval of the

first class, we have AM=g-~^.
d—e

We may then find MY by means of the three points F, C, and H.

If CY is the first part of an oval of the third class and we take y for

MY and / for the difference between CF and FM, we have the dif-
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ference between CF and FY equal to f-\-y, then let the difference

between CH and HM equal k, and the difference between CH and HY
equal k-\-y. Now k-\-y : f+y=e : d, since the oval is of the third class,

whence MY=^P^. Therefore, AM+MY=AY=^+
e

, whence it

d—

e

d—e
follows that on whichever side the point H may lie, the ratio of the

line AY to the excess of GC+CF over GF is always equal to the ratio

of e, the smaller of the two lines representing the refractive power of

the glass, to d—e, the difference of these two lines, which gives a very

interesting theorem.
11"1

The line AY being found, it must be divided in the proper ratio into

AM and MY, and since M is known the points A and Y, and finally

the point H, may be found by the preceding problem. We must first

find whether the line AM thus found is greater than, equal to, or less

than -j^—. If it is greater AC must be the first part of one of the
a— e

third class, as they have been considered here. If it is smaller, CY

must be the first part of an oval of the first class and AC the first part

[mi «Quj est un assez beau theoreme."
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&/pour la difference, qui eft entre C F , & FM , i'ay

f-*-y, pour celle qui eft entre C F, & F Y: puis ayant de-
fia^pourcellequTeft entre CH, &H M,iay^-Hy pour
eellequi eft entre C H, & H Y, que ie fcay deuoir eftre

%-f-nry comme e eft a d, a caufe de l'Ouale du troiiiefme

genre, d'ouietrouue que/ ou MY eft -^77 puis ioi-

gnant enfemble les deux quantite's trouue'es pourA M,&
ff g J^ fgM Y, ie trouue *

^ ;
pour la toute A Y

;
D ou il fuit que

dequelquecofte que foitfuppofele point H, cete ligne

AY eft toufiours compofe'e d'vne quantite, qui eft a eel-

le dont les deux enfembleG C , &C F furpafTent la tou-

te GF,Comme*,lamoindredes deux lignes qui feruent

a mefurer les refractions du verre propofe", eftkd~e, la

difference qui eftentre ces deux lignes. cequi eft vn afc

fe's beau theorefme. Or ayant ainfi la toute AY, ilia

faut couper felon la proportion que doiucnt auoir fes

partiesA M &MYs
au moyen de quoy pource qu'on a

defia le point M, on trouue aufly les poins A & Y,- &en
fuitele point H, par leproblefme precedent. Mais au-

parauant il faut regarder,fi la ligne A M ainfi trouuee eft

plus grande que J770U plus petite, ou efgate. Car fi elle

eft plus grande,on apprent de la que la courbe A C doit

eftre la premiere partie d'vne ouale du premier genre.&
CY la premiere d'vne du troifiefme, ainfi qu'elles ont
efte' icy fuppofees; au lieu que fi elle eft plus petite , cela

monftre que e'eft C Y, qui doit eftre la premiere partie

d'vne ouale du premier genre j & que AC doit eftre la

premiere d'vne du troifiefme : Enfinfi AM eft efgale k

J£
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/— les deux courbcsA C & CY doiuenc eftre deux hy-

perboles.

On ponrroit eftendre ces deux problefmes a vne infi-

nite dautres cas, que ie ne m'arefte pas a dcduire,a caufe

qu'ils n'ont eu aucun vfage en la Dioptrique.

On pourroitauflypafler outre, & dire, Ibrfque l'vne

desfuperficiesduverre eft donnee, pouruu qu'elle ne

foitquetoute plate,oucompofeede fe&ions coniques,

oudecercles- comment on doit faire fon autre fuperfi-

cie, affin qu'il tranfmette tous les rayons d'vn point don-

ne, a vn autre point aufly donne*. car ce n'eft rien de plus

difficile que ceque ie viens d'expliquer -

y
ou plutoft c'eft

chofe beaucoup plus facile, a caufe^ue le chemin en efc

ouuert. Mais i'ayme mieux , que d'autres le cherchent,

affinque s'ils ont encore vn peu de peine a le trouuer, ce-

laleur face d'autant plus eftimer l'inuention des chofes

qui font icy demonftrces.

Au refte ie n ay parle en tout cccy,que des lignes cour-

onje™* bes, qu'onpeutdefcrire fur vne fuperficie plate
;
maisil

appii^ucr eftayf^ derapporter ceque i'en ay dit, a toutes celles

Vtultt qu'on f$auroit imaginer eftre forme'es ,
par le mouue-

l^nes
5 ment reg««er deS P°inS ^e quel°i

ue CorS
>
^aDS Vn e*Pace

clurbcs qui a trois dimenfions. A f§auoir, en tirant deux perpen-

fofvt"
diculaires,dechafcundespoinsdelalignecourbequon

fuperficie veut confiderer,fur deux plans qui s'entrecouppent a an-

Ss'qm glesdroits,l'vnefurrvn,&rautrefurrautre. carlesex-

fe defcri- trcmit& de ces perpcndiculaires defcriuent deux autres

c|accV«" lignes courbes, vneTur chafcun de ces plans ,
defquelles

mcDfions
ou peut,en la facon cy deflusexplique'e,determiner tous
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of one of the third class. Finally, if AM is equal to -^-, the curves

AC and CY must both be hyperbolas.

These two problems can be extended to an infinity of other cases

which I will not stop to deduce, since they have no practical value in

dioptrics.

I might go farther and show how, if one surface of a lens is given
and is neither entirely plane nor composed of conic sections or circles,

the other surface can be so determined as to transmit all the rays from
a given point to another point, also given. This is no more difficult

than the problems I have just explained ; indeed, it is much easier since

the way is now open; I prefer, however, to leave this for others to

work out, to the end that they may appreciate the more highly the dis-

covery of those things here demonstrated, through having themselves

to meet some difficulties.

In all this discussion I have considered only curves that can be

described upon a plane surface, but my remarks can easily be made to

apply to all those curves which can be conceived of as generated by the

regular movement of the points of a body in three-dimensional space.'"
81

This can be done by dropping perpendiculars from each point of the

curve under consideration upon two planes intersecting at right angles,

for the ends of these perpendiculars will describe two other curves, one
in each of the two planes, all points of which may be determined in the

way already explained, and all of which may be related to those of a

straight line common to the two planes; and by means of these the

points of the three-dimensional curve will be entirely determined.

[«»] ^his ;s tfe hint which Descartes gives of the possibility of the extension of
his theory to solid geometry. This extension was effected largely by Parent (1666-
1716), Clairaut (1713-1765), and Van Schooten (d. 1661).
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We can even draw a straight line at right angles to this curve at a

given point, simply by drawing a straight line in each plane normal to

the curve lying in that plane at the foot of the perpendicular drawn

from the given point of the three-dimensional curve to that plane and

then drawing two other planes, each passing through one of the straight

lines and perpendicular to the plane containing it ; the intersection of

these two planes will be the required normal.

And so I think I have omitted nothing essential to an understanding

of curved lines.
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les poins, & Ies rapporter a ceux de la ligne droite
,

qui

cfc commune a ccs deux plans, au moyen dequoy ceux

de!acourbe,qui a trois dimenfions, font entierement

determines. Mefme fi on veut tirer vne ligne droire,qui

couppe cete courbe au point donire a angles droits • il

taut feulement tirer deux autreslignes droites dans Ies

deux plans, vne en chafcun, qui couppent a angles droits

Ies deuxlignes courbes, qui y font, aux deux poins , ou

tombent les perpendiculaires qui vienent de ce point

donne'. car ayant eileue'deux autres plans , vn fur chat

cunedeceslignes droites, quicouppea angles droits le

plan ou elle eft, on aura l'interfe&ion de ces deux plans

pour la ligne droite cherche'e. Et ainfi ie penfe n'auoir

rienomisdeselemens, qui font neceflaires pour la con-

noiilance des lignes courbes.
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Geometry
BOOK III

On the Construction of Solid and Supersolid Problems

WHILE it is true that every curve which can be described by a con-

tinuous motion should be recognized in geometry, this does not

mean that we should use at random the first one that we meet in

the construction of a given problem. We should always choose with
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GEOMETRIE.
LIVRE TROISIESME.

*De U conftruBlondes Trobtefines , qui

font Sotidesi ohplufqueSotides.
De (juel-

TJN c

o

re que toutes les lignes courbes, qm peuuent lcs Hnt%

•*-'eftre defcrites par quelque mouuement regulier, onpen*

doiuent eftre receues en la Geometrie , ce n'eft pas a di~ fe <

"

emir»

re qu'il foit permis de fe feruir indifFeremment de la pre- ftruaion"

miere quife rencontre, pour la conftrudion de chafque ^Jj^ft
Aaa pro-mc.
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problefme:maisilfautauoirfoin de choifir toufioursla

plus fimple, par laquelle il foit poffible de le refoudre.

Et mefmc il eft a remarquer, que par les plus fimples on

ne doit pas feulement entendre celles, qui pcuuent le

plus ayfement eftre defcrites , ny celles qui rendent la

conftruction, ou la demonftration du Problefme propo-

£6 plus facile, mais principalement celles, qui font du

plus fimple genre,qui puifle feruir a determiner la quan-

tite'qui eftcherche'e.

Exemple
touchanc

l'imicntid

de plu-

fieurs

moycncs
propro-

tioncllcs.

Comme par exemple ie nc croy pas ,
qu'il y ait aucu-

nefa§onpius facile, pour trouuer autant de moyennes

proportionnelles, qu'on veut, nydpnt la demonftration

foit plus euidente, que d'y employer les lignes courbes,

qui fe defcriuent par l'inftrumentXYZ cy defllis expli-

que' Car voulant trouuer deux moyennes proportion-

nelles entre YA&Y E, il ne faut que defcrire vn cercle,

dont le diametre foit YE; &pource que ce cercle coup-

pe
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care the simplest curve that can be used in the solution of a problem,

but it should be noted that the simplest means not merely the one most
easily described, nor the one that leads to the easiest demonstration or

construction of the problem, but rather the one of the simplest class

that can be used to determine the required quantity.

For example, there is, I believe, no easier method of finding any num-

ber of mean proportionals, 1"*1 nor one whose demonstration is clearer,

than the one which employs the curves described by the instrument

XYZ, previously explained. 1"01

Thus, if two mean proportionals

between YA and YE be required, it is only necessary to describe

[1™1 For the history of this problem, see Heath, History, Vol. I, p. 244, et seq.
lm See page 46.
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a circle upon YE as diameter cutting the curve AD in D, and YD is

then one of the required mean proportionals. The demonstration

becomes obvious as soon as the instrument is applied to YD, since YA
(or YB) is to YC as YC is to YD as YD is to YE.

Similarly, to find four mean proportionals between YA and YG, or

six between YA and YN, it is only necessary to draw the circle YFG,
which determines by its intersection with AF the line YF, one of the

four mean proportionals ; or the circle YHN, which determines by its

intersection with AH the line YH, one of the six mean proportionals,

and so on.

But the curve AD is of the second class, while it is possible to find

two mean proportionals by the use of the conic sections, which are

curves of the first class.
tl81] Again, four or six mean proportionals can

be found by curves of lower classes than AF and AH respectively. It

would therefore be a geometric error to use these curves. On the other

hand, it would be a blunder to try vainly to construct a problem by

means of a class of lines simpler than its nature allows.
11821

Before giving the rules for the avoidance of both these errors, some

general statements must be made concerning the nature of equations.

An equation consists of several terms, some known and some unknown,

some of which are together equal to the rest ; or rather, all of which

taken together are equal to nothing ; for this is often the best form to

consider.'
1*1

lm] If we let x and y represent the two mean proportidnals between a and b we
have o : x = x : y = y : b, whence z- = ay ;

y- = bx, and xy = ab. Therefore

x and y may be found by determining the intersections of two parabolas or of a

parabola and a hyperbola.
118,1 Cf. Pappus, Book IV, Prop. 31, Vol. I, p. 273. See also Guisnee, Applica-

tion de I'Algebre a la Giometrie, Paris, 1733, p. 28, and L'Hospital, Traite Analy-

tique des Sections Coniques, Paris, 1707, p. 400.
[w»i The advantage of this arrangement had been recognized by several writer*

before Descartes.

156



Livre Troisiesme. 57'

pe la courbeA D au point D,Y D eft I'vne des moyennes
proportionnelles cherche'es. Done la demonftration fe

voit a l'ceil par la feule application decet inftrument Cut

UligneY D. carcomme Y A,ou YB,cjuiiuyeftefga!e

eftaYCjainfiYCeftaYDj&YDa Yfi.

Toutdemefme pour trouuer quatre moyennes pro-

portionelles entreYA &YG ; ou pour entrouuer fix en-

tre YA & Y N, il ne faut que tracer le cercleYF G,qui

couppantA F au point F, determine la ligne droiteY F,

qui eft I'vne de ces quatre proportionnelles
; ouYHN,

qui couppantA Hau point H, determine YH I'vne des

fix, & ainfi des autres.

Mais pourceque la ligne courbe A D eft du fecond

genre, & qu'on peut trouuer deux moyenes proportio-

nelles par les fe&ions coniques,qui font du premier
; &

auflypourcequon peut trouuer quatre ou fix moyenes

proportionelles, par des lignes qui ne font pas de genres

fi compofe's, que fontA F, &A H, ce feroit vne faute en

Geometrie que de les y employer. Et e'eft vne faute

auflyd'autrecoftedefetrauaillerinutilement a vouloir

conftruire quelque problefme par vn genre de lignes

plus fimple, que fa nature ne permet.

Or affin que ie puifle icy donner quelques reigles, Dc la na-

pour euiter I'vne& l'autre de ces deux fautes . il faut que L
urc dc*

F i. * l r iit JT,
Eauauos.

ie die quelque cnoie en general de la nature des Equa-

tionsjc'eft a dire des fommes compofees de plufieurs ter-

mes partie connus,& partie iuconnus , dont les vns font

efgaux aux autres, ouplutoft qui confideres tous enfom-

ble font efgaux a rien. car ce fera fouuent le meilleur de

les confiderer encete forte.

Aaa 2 ScachJs
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itpeut'y

1

Scache's done qu'en chafque Equation, autant que
auoir dc

ja qUantitd inconnue a de diraenfions , autant peut ily

co chafqj auoirdediuerfes racines, c'eftadire de valeurs de cete
EquatiSk

qUantite'. car par exemple fi on fuppofe x efgale a z; ou-

bien x~ 2 efgal a rien
; & derechef x 30 3 ;

oubien

# -- 3 30 o^en multipliant ces deux equations # ~ 2 30 0,

& a?— 3 30 0, l'vnepar 1'autre, on aura xx -• j * •+» 6 300,

oubien *# so y#— 6, qui eft vne Equation en laquelle la

quantity * vaut 2 & tout enfemble vaut 3. Que fi dere-

chefon fait x- 4 so 0,& qu'on multipliecetefomme par

##-- j#-f-tf 300, on aura at 5 — 9##-r-2$# —24300,

qui eftvne autre Equation en laquelle x ayant trois di-

meniions a aufly trois valeurs,qui font 2, j, &4»
ouclies ^ ajs fouuent il arriue, que quelques vnes de ces raci-

fauflcsra- nes font faufles , ou moindres que rien. commelion
cincs. fuppofequexdefigneaufly le defaut d'vne quantity

quifoit r , on a x -+» r 30 , qui eftant multiplied par

x i "9XX-\- tiSx—24 30 ofait

#4 .. 4* I „. i 9 XX-+- 106X~- I20 30

pour vne equation en laquelle il y aquatre racines , a

i^auoir trois vrayes qui font 2, 3, 4, &vne faufle qui

eft f.

C6ment £j<m vojt euideInmentde cecy, que lafomme d'vne
on peut

/» i«
diminuer equation, qui contient piuneurs racines , peut toufiours

daX
ie
e^re diuifee par vn bin6me compofe' dc la quantity in-

menfions connue,moinsla valeurdelVnedes vrayes racines, la-

quadon quelle que ce foit
}
oupluslavaleurde l'vne des faufTe's.

iwfqa'on ^u moyen de quoy on diminue d'autant fes dimeu-
connoiit J *

quel- lions.

jju'Yne de gt reciproquement que £1 la fomme dVne equation

nes. ne
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Every equation can have'
1**1 as many distinct roots (values of the

unknown quantity) as the number of dimensions of the unknown
quantity in the equation.

11*1 Suppose, for example, x= 2 or x—2 = 0,

and again, x= 3, or x—3 = 0. Multiplying together the two equa-

tions x —2 = and x—3= 0, we have x2—5*+6= 0, or x2— Sx—6.

This is an equation in which x has the value 2 and at the same time11"1

x has the value 3. If we next make x—4= and multiply this by
x2— 5;r-|-6= 0, we have x*—9x2-j-26x—24= another equation, in

which x, having three dimensions, has also three values, namely, 2, 3,

and 4.

It often happens, however, that some of the roots are false
11"1 or less

than nothing. Thus, if we suppose x to represent the defect
11*1 of a quan-

tity 5, we have x-f5 = which, multiplied by x3—9x2+26x—24= 0,

yields x*—4x*—\9x2
-\-\06x— 120= 0, an equation having four roots,

namely three true roots, 2, 3, and 4, and one false root, 5.
11**1

It is evident from the above that the sum 1"" of an equation having

several roots is always divisible by a binomial consisting of the unknown
quantity diminished by the value of one of the true roots, or plus the

value of one of the false roots. In this way, 11"1 the degree of an equa-

tion can be lowered.

On the other hand, if the sum of the terms of an equation 1"*1

is not

divisible by a binomial consisting of the unknown quantity plus or

[184]
It is worthy of note that Descartes writes "can have" ("peut-il y avoir"),

not "must have," since he is considering only real positive roots.

p»j That is. as the number denoting the degree of the equation.
use] "Tout ensemble,"—not quite the modern idea.
[i«t] "Raines fausses," a term formerly used for "negative roots." Fibonacci,

for example, does not admit negative quantities as roots of an equation. Scritti de

Leonardo Pisano, published by Boncompagni, Rome, 1857. Cardan recognizes

them, but calls them "aestimationes falsae" or "fictae," and attaches no special sig-

nificance to them. See Cardan, Ars Magna, Nurnberg, 1545, p. 2. Stifel called

them "Numeri absurdi," as also in Rudolff's Coss, 1545.
1,881 "Le defaut." If x =—5, —5 is the "defect" of 5, that is, the remainder

when 5 is subtracted from zero.
11881 That is, three positive roots, 2, 3, and 4, and one negative root, — 5.
[i»] "somme>» tne left member when the right member is zero; that is, what

we represent by f(x) in the equation f(x)=0.
i»»] That is., by performing the division.
[ion «gj ja somme d»un equation."
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minus some other quantity, then this latter quantity is not a root of the

equation. Thus the
[MS1

above equation x4—4x3—19x2-\-l06x— 120=
is divisible by x—2, x—3, x—4 and ^+5, I1M1

but is not divisible by x

plus or minus any other quantity. Therefore the equation can have

only the four roots, 2, 3, 4, and 5.
[1B63 We can determine also the num-

ber of true and false roots that any equation can have, as follows :

llM>

An equation can have as many true roots as it contains changes of sign,

from -f- to — or from — to -f- ; and as many false roots as the num-

ber of times two -J- signs or two — signs are found in succession.

Thus, in the last equation, since -\-x* is followed by —4x*, giving a

change of sign from + to — , and —\9x2
is followed by -\-\Q6x and

-|-106> by —120, giving two more changes, we know there are three

true roots ; and since —4x* is followed by — \9x2 there is one false root.

It is also easy to transform an equation so that all the roots that

were false shall become true roots, and all those that were true shall

become false. This is done by changing the signs of the second, fourth,

I1M) First member of the equation. Descartes always speaks of dividing the

equation.
11841

Incorrectly given as x— 5 in some editions.
[i»] Where 5 would now be written — 5. Descartes neither states nor explicitly

assumes the fundamental theorem of algebra, namely, that every equation has at

least one root.
(1*"1 This is the well known "Descartes's Rule of Signs." It was known how-

ever, before his time, for Harriot had given it in his Artis analyticae praxis, Lon-

don, 1631.. Cantor says Descartes may have learned it from Cardan's writings,

but was the first to state it as a general rule. See Cantor, Vol. 11(1) pp. 496

and 725.
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ne peut eftrediuifee par vn biudmecompofe'delaquau- on"'™
tit^inconnue-i-ou— quelque autre quantity, ccla te£ «*«"»»«

moigne que cete autre quantity n'eft la valeur d'aucune 0X18"
defes racines. Commecetederniere donncc

eftlava-

X*— 4 .r J— 1 9 AT*+ iotf #-- 1 20 30 o leur d'vne

peutbieneftre diuifee, par at — a, & par *— 3,&par
raeme*

X" 4,&parArH-5
;
maisnonpoint par #-f- ou— aucu-

ne autre quantity, cequi monftre quelle ne peut auoir

que les quatre raciocs 2,3,4,6c r.

On connoiftauflydececy combien il peut y auoirde Combien

vrayes racines,& combien de faufles en chafque Equa- aUO* dl

tion. A fcauoir ily en peut auoir autant de vrayes
, que Tra

.

ve$

les fignes -+- &— s'y trouuent de fois eftre changes ,• & 33JT
autant de faufles qu'ils y trouue de fois deux fignes -*-, E<

l
ua«6'

oudeux fignes-- qui s'entrefuiuent. Commeen la der-

niere,a caufe qu'apre's H-# 4ilya~4# »,qui eft vn chan-
gement du figne -+- en --,& apres -ioffjcilya-H 106 x,

Scapre's-r- to6 xil ya— 120 qui font encore deux autres

changemens, onconnoift qu'il ya trois vrayes racines;&

vne faufle,a caufe que les deux fignes—,de4x \& 1 o xx,

s'entrefuiuent.

De plus il eft ayfede faire en vne mefme Equation, C6mcnt
que toutes les racines qui eftoient faufles deuienent on fait

vrayes,& parmefmemoyen que toutes cellesqui eftoiet }™&l
vrayes deuienent faufles : a fcauoir en changeant toas »cin«
les fignes -f- ou — qui font en la feconde , en la

voe

racines ea
ue

uation
5

qnatriefme , en la fixiefme , ou autres places qui fe
dcuiCD&

j r 1 t • , \ vrayes, &
aelignent par les nombres pairs , fans changer ceux les vrayes

de la premiere , de la troifiefme, de la cinquiefme
&uflcs "

& femblables qui ie defignent par les nombres

Aaa 1 impairs.
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impairs. Comme ii au lieu de

-Hat 4 — 4# J — i^xx-l- io6x — 1 20 30

on efcrit

•4- #*H-4** — 19XX— \o6x-*izoooo

on a vne Equation en laquelle il n*y a quVne vraye ra-

tine, qui eft r, & troisfaufles qui font 2, 3, 6c 4.
csmenr Que A* fans connoiftre la valeur des racines d'vne E-
onpcut "*:

. j
augmen- quation,on la veut augmenter, ou diminuer de quelque
t«ou di- quantite'connue.ilnefautqu'au lieudu terme inconnu
minucr T » *

lestacines enfuppofer vn autre, qui loitplus ou moins grand de ce-

qu«iotf,
temcfmc quantity, &le fubftituer par tout en la place

(ansies du premier.
conaoi- Comme lion veut augmenter de 3 la racine de cete

Equation

X* -H 4» , «« \9XX-~ IO6 X" 120 30

il faat prendrey au lieu d'# , & penfer que cete quantitc'

y eft plus grande qu'# de 3, en forte quejr — 5 eft efgal

a *,& au lieu d'xx, il faut mettre le quarre' d'y— .3 qui

eft vy— 6y -+ 9 &aulieudu * il faut mettre fon cube

qui efty 5— 9 «/ */*+• 27y— 27,& enfin au lieu d' x 4 il faut

mettre fon quarre* de quarre'qui efty 4- 1 ly J -f- j 4 ^y
--io8^-r-8r. Etainfidefcriuant lafomme precedente

en fubftituantpar toutyau lieu d'xon a

y 4 «'- 1 ly * -+74jry— ioSjr -f- 8

1

4- 47 *— 3<Jyy «+• 108 v— 108

„ tpyy+- 114^-171
— iody-r-318

— 120

y*—%y\*m iyy -H8jf* 30*

oubien
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sixth, and all even terms, leaving unchanged the signs of the first, third,

fifth, and other odd terms. Thus, if instead of

+x*—4x*— 19.v
2+ 106a-- 120=

we write

+x*+4x*-r \9x2— 106;r-120=

we get an equation having one true root, 5, and three false roots, 2, 3,

and 4.
lwl

If the roots of an equation are unknown and it be desired to increase

or diminish each of these roots by some known number, we must sub-

stitute for the unknown quantity throughout the equation, another

quantity greater or less by the given number. Thus, if it be desired

to increase by 3 the value of each root of the equation

,r*+4.r<_ 19a-2- 106.r- 120=
put y in the place of x, and let y exceed x by 3, so that y—3= x. Then
for x2 put the square of y—3, or y

2—6y-\-9 ; for x3 put its cube,

V
s—9y

2+27y—27 ; and for x* put its fourth power, 1"" or

y*— 12ys+54y 2— 108y+81.

Substituting these values in the above equation, and combining, we have

3,4 _ I2y3 + 54y2 — 108y + 81

+ 4y3 — 36y2 + 108y — 108

-19y3 + 114y-171
- lOoy + 318

-120
y*- 8/- y

2 + 8y =0, n"1

or y
3—8y

2—3/-f8= 0,

lwi In absolute value.
lM8J "Son quarre de quarre," that is, its fourth power.

P"i Descartes wrote this y*— 8yl— y2+ 8y * CO 0, indicating by a star the

absence of a term in a complete polynomial.
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whose true root is now 8 instead of 5, since it has been increased by 3.

If, on the other hand, it is desired to diminish by 3 the roots of the

same equation, we must put y+3 = x and/+6y+9 == x2
, and so on.

so that instead of x* + 4#8 — 19*2 — 106> — 120— 0, we have

y* + 12/ + 54/ + 108y + 81

4. 43,3 + 36/ + 108y + 108

— 19/ — 114y — 171

- 106;y - 318

-120

y
* 4. 16/ 4- 71/ — Ay — 420= 0.

It should be observed that increasing the true roots of an equation

diminishes 1*"1 the false roots by the same amount ; and on the contrary

diminishing the true roots increases the false roots ; while diminishing

either a true or a false root by a quantity equal to it makes the root

zero; and diminishing it by a quantity greater than the root renders

a true root false or a false root true. 1*"1 Thus by increasing the true

root 5 by 3, we diminish each of the false roots, so that the root pre-

viously 4 is now only 1, the root previously 3 is zero, and the root

previously 2 is now a true root, equal to 1, since —2+3 == +1. This

explains why the equation /—8/—y-(-8 = has only three roots,

ltM} In absolute value.
"°l) For example, the false root 5 diminished by 7 means — (5 — 7)= +2.
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oubieny *— %yy .- ly -H 8 X> o,

ou la vrayeracine qui eftoit j eft maintenant 8 , a caufe

da nombre trois qui luy eft aiouftd.

Que fi on veut au contraire diminuer de trois Iaraci-

ae de cete mefme Equation , il faut faire^y -f- 3 x>x

Scyy-h 6 y-\~ 9-x> stx. & ainfi des autres de fa§on

qu'au lieu de

x Amh4.x 3 - 19XX — iod#»-i2ocoa

on met
y+s-uy* -i~54Xy*~ 10*y "*~ 8r

-f-4^ 5 -+-3<$ ^-Hio8 ^-+-108

" l 9 yy •* ^ x4y —171
— io<5^ — 318

— 110

y + "+" i6yy-^rjiyy— 4^.-420300.

Etileftaremarquerqu'enaugmentant les vrayes ra-^^
cines d'vne Equation, on diminue les faufles de la mef- tant les

me quantity ou au contraire en diminuant les vrayes,on J"^""
augmente les faufles. Et que fi on diminue (bit lesvnes diminue

foit les autres, d'vne quantitequi Ieur foit efgale, elles f«,& "u

deuienent nulles,& que fi c'eft d'vne quantite'qui les fur- contraire.

pafTc, de vrayes elles deuienent faufles , ou de faufles

vrayes. Commeicyenaugmentantde 3 la vrayeracine

qui eftoit j , on a diminue' de 3 chafcune des faufles , en

forte que celle qui eftoit 4 heft plus qu 1, & celle qui

eftoit 3 eft nulle, & celle qui eftoit 1 eft deuenue viaye

& eft 1, a caufe que ~ z •+- 3 fait H- x. c'eft pourquoy

en cete Equation^ } - Zyy — iy H- 8 so ilny a plus que

3 racines, entre lefquellcs il y en a deux qui font vrayes,
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i, 8c 8, & vne fauffe qui eft aufly i. & en ccte autre

y
4 -+- i6y i ~t~7iyy —4^ — 4*o 30©

il n'y en a qu'vne vraye qui eft 2, a caufe que •+• r— $ &*
+ 2, &trois faufles qui font r .6*, &7.

C6m«nt Or par cete facon de changer la valeur desracines

oft?' le fans les connoiftre,on peut faire deux chofes, qui auront

fecond Cy aprcs quelque vfage: la premiere eft qu'on peut tou-

i"ne e- fiours ofter le fecond terme de l'Equation qu'on exami-

nation. nCj a fgaUoiren diminuant les vrayes racines, de la quan-

tite'connuedece fecond terme diuifee par le nombre

des dimenfions du premier, fi iVn de ces deux termes

eftant marque'du figne -H,rautre eft marque*du figne~5

oubien en Taugmentant de la mefme quantite', s'ilsont

tous deux le figne •+• , ou tous deux le figne—. Comme
pour ofter le fecond terme de la deraiere Equatio qui eft

y 4 H- i6y ' •+ 7iyy— 4 y— 420 ao

ayantdiuifdio'par4)
acaufedes4 dimenfions du terme

y 4, il vient derechef4, c'eftponrquoy ie fais $ - 4 xjr,

& i'efcris

H-I6^'— ip2^^-*-7d8 ^—1014

•+•71W- J«*V*-*»j«
-~ 4 *-+- 16*

— 420

ou lavraye racine qui eftoit 2, eft *» a caufc quelle eft

augmented de4j & les faufles qui eftoient r, *, &7,ne

font plusque 1,2, Sc$, a caufe qu'elles font diminuees

chaicunede4.
Tout
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two of them, 1 and 8, being true roots, and the third, also 1, being false

;

while the other equation /— 16y
3+7l3/2—4y—420= has only one

true root, 2, since +5—3 = 4-2, and three false roots, 5, 6, and 7.

Now this method of transforming the roots of an equation without

determining their values yields two results which will prove useful:

First, we can always remove the second term of an equation by dimin-

ishing its true roots by the known quantity of the second term divided

by the number of dimensions of the first term, if these two terms have

opposite signs; or, if they have like signs, by increasing the roots by

the same quantity.
f2oq Thus, to remove the second term of the equation

3J
44-I6y>4-713/2—4y—420= I divide 16 by 4 (the exponent of y in

y*), the quotient being 4. I then make 2—4= y and write

2«_1623 + 96s2 -256^+ 256

+ I623 - \92z- + 7682 - 1024

+ 7U- — 5682 +1136
- 42+ 16

- 420

2* - 2522 — 6O2- 36= 0.

The true root of this equation which was 2 is now 6, since it has been

increased by 4. and the false roots, 5, 6, and 7, are only 1, 2, and 3,

ISO*] -pjjat js> ky djmjn jshing the roots by a quantity equal to the coefficient of

the second term divided by the exponent of the highest power of x, with the oppo-

site sign.
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since each has been diminished by 4. Similarly, to remove the second

1

2
terms of x*—2axs-\-(2a2—

c

2)x2—2a3x+a* = 0; since 2a-h4=--awe

must put z+—a=x and write

3 11
z* + 2as» +

2
a**? +

2
a*z + 16

**

-2a*»-3aV-|*8*- \<£

+ 2a2
z'

2 + 2a*z + |a*

a a u Inn— rr — ac z — — ac
4

-2asz- a*

+ a*

* +&-*} .(a»+^)*+^«*-i«V=0.

Having found the value of z, that of # is found by adding -«. Second,

by increasing the roots by a quantity greater than any of the false

roots 1*81 we make all the roots true. When this is done, there will be

no two consecutive -f or — terms; and further, the known quantity

of the third term will be greater than the square of half that of the

second term. This can be done even when the false roots are unknown,

since approximate values can always be obtained for them and the roots

can then be increased by a quantity as large as or larger than is

required. Thus, given,

ISM] In absolute value.
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Tout de mefme (i on veut ofter le fecond terme de

pourcequetKuifant i a par 4 il vieot J ;
il faut faire

$-+-^aao*.&€fcrire

~**V -3«*U-** ,J
t "?« 4

+- zaa^-hza* -4-J*
4

-• fff — «fc — ^aacc
—la* —*

-- cc —ace "' \aacc

&fion trouueapres lavaleurdc ^, en luyadiouftant \ a

on aura cellede x. csmenc

Lafecondechofe, qui aura cyapre's qaelque rfage •» p«"

eft, qu on peut toufiours en aogmentant la valeur des tone?
6

vrayes racines, dVne quantity qui foit plus grande que |*
$

.

faa(re*

n'eft celle d'aucune des faufles, faire qu'elles deuienent d'vne

toutes vrayes,en forte qu'il n'y ait point deux fignes -+-,
j££jjgf

oudeux figncs « quis'entrefuiuent, & outre cela que la vrayes,

quantitc' connue du troifiefine terme foit plus grande, J^JJJ^
quelequarre'delaraoitie'de celle du fecond. Car en- j™wto

core que cela fe face, lorfque ces faufles racines font

inconnues, ileftayfe'neanmoinsdeiuger a peu pre', de

leur grandeur, &de prendre vne quantitc, quilesfur-

paffed'autant, oude plus, qu'il n'eftrequis acet efFe&.

Commeiiona

Bbb
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*« + »*'-- <»»*»!< }<»>«!•• »<»*» 4«ii^»*x -- 777^ »«»#.

en faifanty — 6 * so *, on trouuera

yy~4$rf)tf »»^ y t^ 466^6 tn

4* 64800*
* fl84 »* *

. * }«88»*t

777«»«
- 777*»«
-- 777<»'

777«»«

y*— jj » y * >£ 50400 y 4 - 3780 1 y '»fr ijiio * y *— 1711* « 5 y • sdc.

Ouiheft manifefte, que J04 ««, qui eft la quantite'

connue dutroifiefme terme eft plus grande, que Ie quar-

rede J* n% qui eft la moitie'de celle du fccond. Et il n'y

apointdecas, pour lequella quantite, donton augmen-

tclesvrayesracines, aitbefoinacet effect, d'eftre plus

grande, a proportion de celles qui foot donnces , que

pourcetuycy.

on fok" ^a" a cau ê 9ae *e Vernier term€ s*y trouue nul, It on
que tou- ne defire pas que cela (bit, il fauc encore augmenter tant

p"ce$ foitpeu la valeurdes racines
;
Eccene fc^auroit eftre de

d'vncE- fipeu, que cenefoitafle's pour cet effect Nonplus que

?o°ient

e0
lorfqu'on veutaccroiftre le nombre des dimenfions de

scmpiies. quelque Equacion, & faire que toutes les places de fes

termes foient remphes. Comme fiaulieude x *
****

— tf ao 0, on veut auoir vne Equation, en laquelle la

quantite'inconnue ait fix dimenfions, & dont aucun des

termes ne (bit nul, il faut premierement pour

Xf * * * * mm bzQ efcrire

X'* * * * *- bx *z>o

puisayant faity — a so *, on aura
y* • 6»y* >% i$**y+~ loajytq* \$a*yy.. 4a Jy<i>a'

Qu il eft manifefteque tant petite que la quantite
7
a /bit

fuppofee
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A.e+M^-6«U-4+36V*3-216tt4
;ir

2+12%nB;r-7776«6= 0,

make y—6n= x and we have,

y
t-36n] y

8+540n2
l y*-4320na

+ n\ — 30n2
f + 360n3

— 6n2
J + 144n8

+ 36n3

y
3+19440n4

- 2160»4

- 1296n4

- 648n4

- 216n4

y
2-46656n5

+ 6480n5

+ 5184ns

+ 3888nB

+ 2592ns

+ 1296n5
J

y+46656n*
- 7776n6

- 7776V
- 7776n*
- 7776n*
- 7776nn

- 7776n*

y
9-35ny° +504n2

y
4 -3780n8

y
8 +15120n4

y
2 -27216n5

y =0.

Now it is evident that 504w2
, the known quantity 1"*1 of the third term,

/35 \2
is larger than I _ n

J
; that is, than the square of half that of the sec-

ond term; and there is no case for which the true roots need be in-

creased by a quantity larger in proportion to those given than for this

one.

If it is undesirable to have the last term zero, as in this case, the

roots must be increased just a little more, yet not too little, for the pur-

pose. Similarly if it is desired to raise the degree of an equation, and

also to have all its terms present, as if instead of x5—b = 0, we wish

an equation of the sixth degree with no term zero, first, for Xs — b —
write x°— bx= 0, and letting y — a= x we have

y
6—6ay5+15a2

y
4—20a3

y
3+15a4

y
2— (6a*+b)y+a*+ab= 0.

It is evident that, however small the quantity a, every term of this equa-

tion must be present.

I"*1
1, e., the coefficient.
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We can also multiply or divide all the roots of an equation by a

given quantity, without first determining their values. To do this, sup-

pose the unknown quantity when multiplied or divided by the given

number to be equal to a second unknown quantity. Then multiply or

divide the known quantity of the second term by the given quantity,

that in the third term by the square of the given quantity, that in the

fourth term by its cube, and so on, to the end.

This device is useful in changing fractional terms of an equation, to

whole numbers, and oftent20C]
in rationalizing the terms. Thus, given

3?— VT^+ 7^x— 7= = 0, let there be required another equation
27 27 \ 3

in which all the terms are expressed in rational numbers. Let y= VIT

and multiply the second term by V~3~> tne third by 3, and the last by
Oft Q

3 V3^ The resulting equation is y
3— 3y'2+—y— -_ =0. Next let it be

9 9

required to replace this equation by another in which the known quanti-

ties are expressed only by whole numbers. Let z=*3y. Multiplying

?fi ft

3 by 3, — by 9, and --- by 27, we have

z3—9z2+26,2-24= 0.

The roots of this equation are 2, 3, and 4; and hence the roots of the

tMB1 But not always. Compare the case mentioned on page 175.
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fuppofcetouteslcs places deTEquation ne latffeot pas

d'eftre remplies.

Dc plus on peut, fans connoiftre la valeur des vraycs Comm&

racines d'vne Equation, les multiplier, ou diuifer tou-mu^
tcs, par telle quantity connue qu on veut. Cequi fe fait 'J!

ie
.

I
/.
0,

?

en luppolant que la quantite inconnue eftant multiplied, racines

oudiuifce, parcellequi doit multiplier, ou diuifer les^J^J.
racines, eft efgale a quelque autre. Puis multipliant, ou ft"-

diuhant la quantite' connue du fecond terme, par cete
mefme qui doit multiplier, ou diuifer les racines j &par

fonquarre*,celIedutroifiefme; 8c par fon cube, celledu

quatriefme
j& ainfi iufques au dernier. Ce qui peut fer- SSdSk

uirpourreduireadesnombresentiers &rationaux, les 1" *°m-

fractions, ou fouuent aufTy les nombres fours
, qui fep^aww

trouaent dans les termes des Equations. Comme fi on a El *" *

& qn'on veuille en auoirvne autre en fa place, dont tons
lestermes s'expriment par des nombresrationaux; ilfaut

fuppofery aox V 3 , & multiplier par Y\ la quantite'
connue du fecond terme, qui eft aufly ^3 , & par fon
quarre* qui eft 3 celle du troifiefme qui eft f£ , & par fon
cube qui eft 3 ^3 celle du dernier

, qui eft jfvT ,ce qui
fait

Puis fi on en veut auoir encore vne autre en la place de
celle cy, dont les quantitcs connues ne s'exprimeut que
par des nombres entiers

;
il faut fuppofer ^ 30 $y ,& mul-

tipliant
5 par j, |« parp, & |pari7ontrouue

V "9**"+-a*VM 30 0, ou les racines eftant z,$,

& 4,on connoift de la que celles de l'autre d'auparauant

Bbb a eftoient
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cftoicnt |, i, &|, &que cclles de la premiere eftoient

Comcni cete operation peut aufly feruir pour rendre la quan-

quantitc tite connue de quelqu'un des termes de l'Equatio e/gale

dTr™ a c
!
ue4ue autre donnee, comme fi ayant

des tcr-
** J * ~-bbx-}-Ct3Q0.

Equatioli
On veat auoir en fa place vne autre Equation, en laquel-

efcaic a le la quantite' connue, du terme qui occupe la troifiefnie

qu'on
UUC

pkee, a fc^uoir ceile qui eft icy £ £,fbit j a *,il faut fuppo-

fery sox y ^puisefcnre^ * - ja^ry H

—

jj- r $ aoe.

Que les Au refte tant les vrayesracines queles faufles ne font

uatml pas toufiours reellesj mais quelquefois feulementimagi-

ycs que naires • e'eft a dire qu'onpeut bien toufiours en imagine!

pcuuent autant queray dit en cnafque Equation mais qu U.n y a
cftrcted-

queIquefoisa"ucune quantity, qui correfponde a cellos

imaginai- qu'on imagine, comme encore qu'on en puifle iraagi-
rcs

- nertroisencellecy, *• -<&**H-i3.v~ 10300, il ny
enatoutefois quVne reelle, qui eft 2 , & pour les deux

autres,quoy qu'on lesaugmente,ou diminue, ou multi-

plieenlafagonqueieviensd'e.xpliquer, on nefgauroit

fes rendre autres qu'imaginaires

,

Urdu- Or quand pour trouuer la conftrudHon de quelquc

EquadS problefme,on vient avne Equation, en laquelle la quan-

cubiqucs tite' inconnue a trois dimenfions; premierement fi les

mobicf-

16
quantites connues ,

quiyfont , contienentquelques

me eft nombres rompus, il les faut reduire a d'autres entiers,par
pUn

' la multiplication tantoft expliquee *

y Ets'ils encontie-

nentde fours , il faut aufly les reduire a d'autres ratio-

naux, autant qu'il fera poffible,tant par cete mefme mul-

tiplication,
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2 4preceding equation arey , 1 andy , and those of the first equation are

9
V^yV^andyVy

This method can also be used to make the known quantity of any
term equal to a given quantity. Thus, given the equation

x3—

b

2x+c3 = 0,

let it be required to write an equation in which the coefficient of the
third term. 1*"1 namely b2

, shall be replaced by 3a2
. Let

and we have

/3a
i

/-3«v+^vy=o.

Neither the true nor the false roots are always real; sometimes
they are imaginary;'*"1

that is, while we can always conceive of as many
roots for each equation as I have already assigned,'**1 yet there is not
always a definite quantity corresponding to each root so conceived of.
Thus, while we may conceive of the equation x3—6x2+13x— 10=
as having three roots, yet there is only one real root, 2, while the other
two, however we may increase, diminish, or multiply them in accord-
ance with the rules just laid down, remain always imaginary.
When the construction of a problem involves the solution of an

equation in which the unknown quantity has three dimensions,'*-1 the
following steps must be taken

:

First, if the equation contains some fractional coefficients,'"
01
change

them to whole numbers by the method explained above
;

12U1
if it con-

t*»1 Descartes wrote this equation x * — bbx+ c* 30 0, the star showine as

tWrdTerm
011^ ^ ** * **"" " missing

-
HenCe

'
he SPeaks of ~^S'£

'"'J "Mais quelquefois seulement imaginaires." This is a rather interestine

irn\

S

e!na
a
rv°

n
THr

,fym^that ^^Y !»*M»»*™ and negative roots that ar?imaginary lhe use of the word "imaginary" m this sense begins here.

ft. vu I
SC
u
mS t0 "\d,cate that Descartes realized the fact that an equation ofthe m il

gree has exact,y w roots
- Cf

- Cant°r, Vol. 11(1), p 724
inat is, a cubic equation.

° ."Nombres rompues," the "numeri fracti" of the medieval Latin writers and

[2n That is, transform the equation into one having integral coefficients.
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tains surds, change them as far as possible into rational numbers, either

by multiplication or by one of several other methods easy enough to

find. Second, by examining in order all the factors of the last term,

determine whether the left member of the equation is divisible'*
1
*' by a

binomial consisting of the unknown quantity plus or minus any one of

these factors. If it is, the problem is plane, that is, it can be constructed

by means of the ruler and compasses ; for either the known quantity

of the binomial is the required root1*"1 or else, having divided the left

member of the equation by the binomial, the quotient is of the second

degree, and from this quotient the root can be found as explained in

the first book.™

Given, for example, y
6—8y

4— 124y2—64— 0.
M The last term, 64,

is divisible by 1, 2, 4, 8, 16, 32, and 64; therefore we must find whether

the left member is divisible by y
2— 1, y

2+l, y
2—2, y

2+2, y
2—4, and

so on. We shall find that it is divisible by y
2— 16 as follows

:

_|_ y> _ 8y4 - 124y2 - 64 =
_ y

« _ 8y4 — Ay2

Q -\6y* '^Vmf
~ 16

^J6~- 16

+ y*+ 8y8 + 4=

Beginning with the last term, I divide —64 by —16 which gives +4;
write this in the quotient ; multiply -f4 by -\-y

2 which gives -j-Ay2 and

12,21 "Qui divise toute la somrae."
[as] Tj^ jSj the root that satisfies the conditions of the problem.
l*"] See page 13.

[*1*1 Descartes considers this equation as a function of y
2

.
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tiplication, que par draers antres moyens , qui font aflHs

facilesatrouuer. Puis examinant parordre toutes les

quantitds ,
qui peuuentdiuiferfansfra&ion le dernier

terme, ilfaut voir, fi quelqu'vne d'elles, iointeauec la

quantite'inconnueparlefigne-f- ou — , peutcompofer

vn binome , qui diuife toute lafomme; 6c fi cela eft le

Problcfme eft plan , c'eft a dire il peut eftre conftrutt

auec la reigle & de compas • Car oubien la quantity

conn ue de ce binofme eft la racine chercbee
i oubien

I'Equarion eftant diuifce par luy , fe reduift a deux di-

mensions, en forte qu'on en peut trouuer apresla racine,

par ce qui a efte dit au premier liure.

Par exempted on a

y <— %y 4 -. my *« ^30 9.

le dernierterme, qui eft £4, peut eftre diuife' fans fra-

ction par 1, 2, 4, 8, 16, 3*,& *4j C'eft pourquoy ii feut

examiner par ordre fi cete Equation ne peut point
eftre diuifce par quelqu'vn des binomes

, yy — 1 on

yy "+ J>yy- * ouyy •+" * >yy-4 &c.&on trouue quel-
le pent leftre pary^r- 1 5, en cete forte.

" /-^4-i24^-tf4 000

— 1 jr*- 8jr 4— 4yy —
— 16y*— izSyy

16 \6

.+. y*~jrtyy -|-
+ g^.

Ie commence par le dernier terme,& diuife - <j4 parj*^S- itf, ce qui fait <+- 4, que i efcris dans le quotient
, puis vncEqua-

ic multiplie -*- 4par -Hjrj.ce qui fait -f- fr^c'eft pour-jJSE.
quoyi'efcris—4^ en lafomme, qu'il faut diuifer.car ily me q«

Bt k r ' eontiftfii
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tauutoufiours efcrirc le ligne «H oa— tout contraire a

ccluy que produift la multiplication.& ioignant— 1 24 yy
auec — 4^, iay—12%yy t

que ie diuife derechefpar - \6,

& iay -+• %yy, pour mettre dans le quotient & en Ie mul-

tipliant par^iay— %y +,pour ioindre auec leterme qu'il

fautdiuifer, quieftaufly -- $y* t 8c ces deux enfemble

font— 1 6y 4
,
queie diuife par — 16 , ce qui fait -+- iy *

pour fe quotient, & -- 1 y < pour ioindre auec -t- \y <, ce-

qui fait o, & monftre que la diuifion eft achcuee. Mais

s'il eftoit refte'quelque quantity oubien qa'on n'cuft p&
diuiferfans fraction quelqu'vn des termes precedens, on
euft par la reconnu,quelle ne pouuoit eftre faite.

-- *

Tout de mefme fi on ay 6 ***j *I *\yy - * * *' « 30 0.

le dernier terme fe pent diuifer (ans fraction par

0, aa, aa -+- cc
3 a*

+• *f*, & femblables. Mais il n'y en a

que deux qu'on ait befbin de confiderer , a fcauoir aa 8c

aa +• ^carles autres donnant plus ou moins de dimen-
fions dans le quotient, qu'il n'yen a en la quantity con-

nue du penultiefme terme, empefcheroient que la diui-

fion ne s'y piift faire. Et notes , que ie ne conte icy les

dimenfionsd^y*, que pour trois, acaufequ'il ny a point

d'y % ny d'y \ ny d'^ en toute la fomme. Or en exarai-

nant Ie hindmeyy— aa~cc 20 0,on trouue que la diuifion

fc peut faire par luy en cete forte.

— y«--l«* -a*
<. »f?cc — a ace .-a*--cc
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write in the dividend (for the opposite sign from that obtained by the

multiplication must always be used). Adding —124y2 and —4y
2

I

have — 128y2
. Dividing this by —16 I have +8y2 in the quotient, and

multiplying by y
2
I have —8y* to be added to the corresponding term,

—8y
4

, in the dividend. This gives — 16y* which divided by —16 yields

+y* in the quotient and —y' to be added to +y6 which gives zero, and
shows that the division is finished.

If, however, there is a remainder, or if any modified term is not

exactly divisible by 16, then it is clear that the binomial is not a

divisor.
11^

Similarly, given

/+ a2
\y* — a*\y2 — a' }

-2c2
J +c*\ -2a*c4= 0,

— a2
c*J

the last term is divisible by a, a2, a2
-\-c

2
, a3+ac% and so on, but only

two of these need be considered, namely a2 and a2+c2
. The others give

a term in the quotient of lower or higher degree than the known quan-

tity of the next to the last term, and thus render the division impos-

siMe. 1*"1 Note that I am here considering y* as of the third degree,

since there are no terms in y
5
, y

8
, or y. Trying the binomial

y
2 — a2 — c2 —

we find that the division can be performed as follows

:

+ <z\y - a*A y

Y=0

-a2 -<? -a2 -*2
- a2 -<?

Iml This is evidently a modified form of our modern "synthetic division," the
basis of our "Remainder Theorem," and of Horner's Method of solving numerical
equations, a method known to the Chinese in the thirteenth century. See Cantor,
Vol. 11(1), pp. 279 and 287. See also Smith and Mikami, History of Japanese
Mathematics, Chicago, 1914; Smith, I, 273.

[»»] Thjg js not a generai rule.
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This shows that a?-\-c* is the required root, which can easily be proved

by multiplication.

But when no binomial divisor of the proposed equation can be found,

it is certain that the problem depending upon it is solid/
1"1 and it is then

as great a mistake to try to construct it by using only circles and straight

lines as it is to use the conic sections to construct a problem requiring

only circles ; for any evidence of ignorance may be termed a mistake.

Again, given an equation in which the unknown quantity has four

dimensions. I,1', After removing any surds or fractions, see if a binomial

having one term a factor of the last term of the expression will divide

the left member. If such a binomial can be found, either the known

quantity of the binomial is the required root, or, 1**1 after the division is

performed, the resulting equation, which is of only three dimensions,

must be treated in the same way. If no such binomial can be found,

we must increase or diminish the roots so as to remove the second term,

in the way already explained, and then reduce it to another of the third

degree, in the following manner : Instead of

x* ± px2 ± qx ± r=
write

y
6 ± 2py* + (p

2 ± 4r)y2 — g
2 = 0.

tJa]

i»s] Th^ js> that it involves a conic or some higher curve.

l*1'1 A biquadratic equation.
[mo]

"Either, or," as in the original. It is like saying that the root of x2—

o

2=0
is either x= a or x=—a.

[2al Descartes wrote substantially "Instead of

+ x**.pxx.qx.r x>
write

+ ye .2py*+(pp.4r)yy— qq x 0."

The symbolism is characteristic of Descartes.
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Cc qui monftref que la racitie cherchee cft<w+K.

Et la preuue en eft ayfe'e a faire par la multiplication.

Mais lorfqu'onne trouue aucun bin6me, qui puifle Qs^
ainfidiuifertoutelafommc de I'Equation propofee, ilmcs font

eft certain que le Problefme qui en depend eft folide. Et jjjjj?**

ce n'eft pas vne moindre faute apres cela, de tafcher a le l'Equa-

conftruire fans y employer que des cercles 8c des lignes "^'

droites, que ceferoitd employer des fe&ions coniques

a conftruire ceux aufqucls on n'a befoin que dc cercles.

car enfin tout ce qui tefmoigne quclque ignorance s'ap-

pele faute.

Quefion a vne Equation dont la quantite inconnue
La rC(iu _

aitquatre dimenfions, il faut en mefine fa$on , aprc's en aio* des

auoir ofteles nombres fours, & rompus, s'tly en a, voir fi
t̂

"
qai

onpourratrouuer quelquebin6me, qui diuife toute laont qua-

fomme,enlecompofantdervnedes quantite's, qui di- £&„„,,

uifent fans fraction le dernier terme. Et fi on en trouue ]o

v

l§™}c

vn, oubien ia quantite'connue de ce bindme eft laracine mc eft

cherchee; on du moins apres cete diuifion, il ne refte en PjjJ;^,.

TEquation, que trois dimenfions , en fuite dequoy il «ux qui

faut derechefl'examiner en la mefine forte. Mais lorf- £" lo !"

qu'ilnefe trouue point de tel bindme , il faut en au-

gmentant, oudiminuantlavaleurde laracine, ofterle

fecond terme de la forame , en Ia fa§on tantoft expli-

que>. Et aprc's la reduire a vne autre
,

qui ne contie-

ne que trois dimenfions . Cequi fe faic en cete forte.

AuIieudeH-AT 4 .pxx . qx • r 000,

il faut efcrire +• y*-2py**llyy — $ q 3° ••

Et pour les fignes *+- ou — que iay omis, s'il y a

en
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eu -hp en laprecedentc Equation, il faut mettre en ccl-

lecy «+ 2/>, ou s'il y a eu -/», il faut mettre— z p. & au

contraire s'il y a eu -f- r, il faut mettre— 4 r, ou s'il y a eu

- r, il faut mettre H- 4 r. &foitqu'il y ait eu -+-
q , on

--$r, il faut toufiours mettre— qq t 8c H- />/>. au moms fi

onfuppofe que * 4
, & ^ * font marques du fignes -f-,

car ce feroit tout le contraire fi on y fuppofoit le fi-

gne -.

Parexemplefion a-f- x 4 *— 4.XX— 8 at H- ^ j- ooe

ilfautefcrirecnfbnlieuy'--8^ — 1*47^— 54300. car

la quantite'que iay, nominee/* eftant— 4 , il faut mettre

— ty*pourzpy 4
» &celle, que iaynominee r eftant 37,

ilfaut mettre ?_" yy, c'eft a dire - 114)7 , au lieu de

*
4Cj7- & enfin ? eftaDt 8» Jl faut mettre "- *4> pour- qq.

Toutdemcfme au lieude •+- x 4 *— 17 **— 20 #- d 30 0,

il faut efcrire -Hy fi - 34^
4 -f- 3 1 5jy - 4^o x> 0.

Car neft double de 17, & 313 en eft le quarre' ioint au

quadruple de*,& 400 eft lequarre'dezo.

Tout de meime aufly au lieu de

Ilfaut elcrire

« *** y
"* 4 yy -ts*ee3)o.

Caxpcfk+ iaa~ce9 &ppt t&{** - *acc -+-* 4 ,&4r
eft— J «

* -+• ««w,& enfin - qq eft~ * *- 2 a4** - oac 4
.

Apre'squel'Equationeft ainfi reduite a trois dimen-

fions, il faut chcrcher la valeur dyy par la methode defia

explique'e} Et£ celle ne peut cftre trouuee , on n'a point

befoin
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For the ambiguous 1*"1 sign put -f2/> in the second expression if -\-p

occurs in the first ; but if —p occurs in the first, write —2p in the sec-

ond ; and on the contrary, put —4r if -f-r, and +4r if —r occurs ; but

whether the first expression contains -\-q or —q we always write —q
2

and -f/>
2 in the second, provided that x* and y

9 have the sign -f- ; other-

wise, we write -f-9
2 and —p

2
. For example, given

x* _ 4*2 _ Sx + 35 =
replace it by

y« _ 8y4 - I24y2 - 64= 0.

For since p= —4, we replace 2py* by —8y* ; and since r= 35, we
replace (£

2—4r)y2 by (16— 140)

y

2 or — 124y2
; and since g= 8, we

replace —q
2 by —64.

Similarly, instead of

x*-17x2 -20x — 6=
we must write

y _ 34y* + 313y2 - 400— 0,

for 34 is twice 17, and 313 is the square of 17 increased by four times 6,

and 400 is the square of 20.

In the same way, instead of

we must write

/ + (a2- 2<*)y* + (c
4- a4

)y
2 - a< - 2«V - aV1 = 0;

for

p= Ya2-<?,/t = ±-a*-a2<* + <
4,4r =-^a4 + a2c*.

And, finally,

— q
2 == — a« — 2a*c2 — a2

c*.

When the equation has been reduced to three dimensions, the value

of y
2

is found by the method already explained. If this cannot be

[8a) Descartes wrote "pour les signes + ou — que j'ai omis."
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done it is useless to pursue the question further, for it follows inevit-

ably that the problem is solid. If, however, the value of y
2 can be

found, we can by means of it separate the preceding equation into two

others, each of the second degree, whose roots will be the same as

those of the original equation. Instead of + x* ± px2 ± qx ± r= 0,

write the two equations

For the ambiguous signs write + -z-p in each new equation, when p

has a positive sign, and -—p when/ has a negative sign, but write

-f- r~ when we have —yx, and —— when we have + yx, provided q has
2y 2y

a positive sign, and the opposite when q has a negative sign. It is then

easy to determine all the roots of the proposed equation, and conse-

quently to construct the problem of which it contains the solution, by

the exclusive use of circles and straight lines. For example, writing

y» _ 34y _j_ 3133,2 _ 400= instead of x* — \7x2 — 20* — 6 = we

find that y
2 = 16 ; then, instead of the original equation

+ x* — \7x2 — 20* — 6 =
write the two equations -f- x

2 — Ax — 3 = and -}-x2-\-4x + 2= 0.

For, y = 4, ~

y

z = 8, p = 17, q = 20, and therefore

^ 2
y

2
V

2y

+
2
y

2
P ^

2y ^

184



Livre Troisiesme. Z$S

befoin de pafler outre
;

car il fuit de la infalliblement,

que le problefme eft folide. Mais fi on la trouue , on
peut diuifer par fon moyen la precedente Equation en

deuxantres,enchafcune defqueiles la quantite' incon-

nuen aura que deux dimenfions, & dontles racines fe-

ront les mefmes que les fienes. A fcauoir, au lieu de
-+*#* .pxx.qx . rsoo,

ii fautefcrire ces deux autres

-*-xx-\-yx-t-±yy.\p. q- x>o.

Et pour Iej» fignes H- &— que iay omis, s'it y a -f- p en

l'Equation precedente, il faut mettre +- \ p en chafcune

de celles cy; &-- \p> s'il y a en l'autre - p. & ais il faut

mettre -+-
^* ;

en celle ou il y a--yx
;
& —

J-,
en celie ou il

ya-J-j^lorfqu'ily a •+ q en la premiere. Et au con-

traire s'llya— ^,ilfaut mettre-- ~, en celle- ou il y axy
1

'•y x-
y & -+- —,en celle ou il y a -i-y x. En fuite dequoy

ileftayfe'deconnoiftretoutesles racines de l'Equation

propofe'e, & par confequent deconftruirele problefme,

dontellecontientlafolution, fans y employer que de$

cercles, &des lignes droites.

Par exemple a caufe que faifant

y
bmm 5+y*"t~$i3yy- 400300, pour

x* — \jxx~ lox— 6y>o> on trouue que^y eft i5,on-

doii au lieu de cete Equation
•+• x 4 *— 1

7

xx." 20 x — 10x — 6 30 0, efcrire ces deux

Ccc autres

185



3$d La*Geometrie*
autres-f-AW«4#--5 aoo. Et-r-##-l- 4x^2300.
caryeft4,^xyeft8,/>eft 17, & ^ eft 20, de fa§onque

+iyy - ip~f/ait- 3> & -* kxr - iP -*-\fi**
+ * Et

tirant les racines de ces deux Equations , on trouue tou-
tesles mefmes , que fi on les droit decelle ou eft x* a a
fgauoir on en trouue vne vraye; qui eft V 7 +• 2,6c trois

faufles, qui font / 7-- 2, x -f- y lf & 2 .. ^*2#
Ainfi ayant * 4- 4 *# -. 8 #4- %s 00 o,pourceque la racine
dcy <- %y

4
-- 1 24^ 4- 54 30 o

t eft derechef i5 , il faut
efcrire

xx~4* -f- j » 0, &-##-+- 4»H- 730 0.

Caricy-h^-.^-.^fait r , & -H i jy - i j +.1.

fait 7. Et pourcequ'on ne trouue aucune racine, ny
vraye,nyfaufTc, en ces deux dernier.es Equations , on
connoiftdela que les quatre de l'Equation dont elles
procedent font imaginaires

; & que le Problefme , pour
lequelonl'a trouuee, eft plan de fa nature • mais qu'il

ne f§auroit en aucune fa§oneffreconftruit,acaufcque

les quantire's donne'esne peuuentfeioindre.

Tout de mefme ayant

* - cc fK-accl^-^aacc ***•

pourcequ'on trouue aa -+- cc pouryy, il faut efcrire

ift - Vaa-ircc 1j*~\aa - \a Vaa^rcc x>o, & ,

^H" ^ aa-hcc^-i-^aa-i-^aV aa-hcc&o.

Car ,y eft /w + «, & -H £ jy -f- \p eftjaa, & ^
eft^a /"«+w Douonconnoift que la valeurde £

eft
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Obtaining the roots of these two equations, we get the same results as

if we had obtained the roots of the equation containing x*, namely, one

true root, V 7 + 2, and three false ones, VT— 2, 2 + V~2~, and 2 — V~2L

Again, given x*—4x2—8x+3S = 0, we have y
9—8/—124/_64= 0,

and since the root of the latter equation is 16, we must write

x2—4x+5 = and x2+4x+7 = 0. For in this case,

Now these two equations have no roots either true or false,
1***1 whence

we know that the four roots of the original equation are imaginary;

and that the problem whose solution depends upon this equation is

plane, but that its construction is impossible, because the given quanti-

ties cannot be united. 1*8*1

Similarly, given

*4+
(t*

2 ~ <2

)
22~ (fl3 + "^ * + h aA~\ a2<2 =0

'

since we have found y
2 = o2

-f- c2 , we must write

[sss] That is, all its roots are imaginary.
[»] That is, the given quantities cannot be taken together in the same problem.

and
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For y = ^a2 + c? and +y/+ ~-p = ~az
, and y- =ya ^a2+<?, then

we have

Now we already have ^ + y « = *, and therefore *, the quantity in

the search for which we have performed all these operations, is

To emphasize the value of this rule, I shall apply it to a problem.

Given the square AD and the line BN, to prolong the side AC to E, so

that EF, laid off from E on EB, shall be equal to NB.

Pappus showed that if BD is produced to G, so that DG= DN, and

a circle is described on BG as diameter, the required point E will be

the intersection of the straight line AC (produced) with the circum-

ference of this circle.
[225]

Those not familiar with this construction would not be likely to dis-

cover it, and if they applied the method suggested here they would

never think of taking DG for the unknown quantity rather than CF

or FD, since either of these would much more easily lead to an equa-

imi Pappus Lib. VII, Prop. 72, Vol. II, p. 783. The following is in substance

the proof given by Pappus. He first gives an elaborate proof of the following

lemma : Given a square ABCD, and E a point in AC produced, EG perpendicular

to BE at E, meeting BD produced in G, and F the point of intersection of BE and

CD. Then CD2 + FE2 = DG. 2 Then he proceeds as follows: By the construe

tion given in the problem, DN 2=BD2 + BN 2
. By the lemma, DG2=CD8+FEJ

.

By construction, BD = CD and DG = DN. Therefore, FE = BN.
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stii\Y~aa-h cc-\rV' ~\aa-*r\cc -\-\ttVaa -+- cc>

oubieu ^ tfaa +- cc—^-j da -H J cc •+ ^ a f' 0a •+ ff.

Et pourceque nous auions fait cy defliis ^ +- \ a oo x,

nous apprenons que laquantite*, pourlaconnoiflance

de laquelle nous auons fait tbutes ces operations , eft:

-I- £a-l- f^Jatf +* Jw- j^«- f
£«« +- *

S « I
7 a* -H w.

Maisaffin quon puiffe mieux connoiftre l'vtilite' de l*\™£\
cetereigle il fautqueiel'appliqueaquelq; ProbIefme.de ces re

Si le quarre*A D, & la ligneBN elrant donne's , il faut
dl,aions'

prolonger le cofte'AC iufques a E,en forte qu'E F,tiree

d'EversB, foit efgale a NB. On apprent de Pappus,

qu ayantpremierement prolonge'BD iufques aG , en

forte queDG foit efgale aD N, & ayant defcrit vn cer-

cledont le diametre foit BG , fi on prolonge la ligne

droiteAC,ellerencontreralacirconference de cecer-

cle au point E, qu'on demandoit. Mais pour ceux qui ne

f§auroiet point cete coftru&ion elle feroit afT^s difficile

a rencotrer,& en la cherchat par la methode icy propo-

se, ils ne s'auiferoiet iamais de predre DG pour la qua-

tite* inconnue, maisplutoft CF , ou F D 1 a caufe que ce

Ccc 2 font
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font elles qui conduifent le plus ayfement a I'Equatio: &
lors its en trouueroiet vne qui ne feroit pas facile a deme-

fler>fanslareiglequeie viens d'expliquer. Carpofant*

pourBDouCD,&f pour EF,8c#pourD F, onaCF
po a—x3& comeC F ou a— •*,eft aF E ou c, ainfiFD ou x,

eft a B F, qui par confequent eft^— . Puis acaufe du tri-

angle redtangle BD F, dont les coftes font l'vn x &l'au-

tre a, leurs quarreVqui&nt*# "+' *"> f°nt efgaux a ce-

fuy de labaze,- qui eft xx _. ±ax^ aa >de fa$on que multi-

pliant le tout par xx~zax-haa, on trouue que I'E-

quation eftx 4— 2 ax i H~ 2 a#&x;— 2 a> » a; H- 0*30^ ##,

oubien «*— 2*# ***** xx—iaix-ha * so «. Et on

connoiftparlesreiglesprecedentes,que fa racine, qui

eft la longenr de la ligne DF , eft \ a -\- V^aa-f^ee

Que fi on pofoitB F, ouCE , ouBE pour la quantity

mconnue, on viendroit dierechefi vne Equation, en Ia~

quelle il y auroit 4 dimenfions, mais qui feroit plas ayfe'e

a demefler, St ony viendroit afles ayfement
;
au fceu que

iiceftoitDGqu'onfuppofaft, on viendroit beaucoup
plus dhScilementa 1'Equation, mais auflyelle feroit tres

Ample. Cequeiemets icypour vous auertir, que lorfl

que le Problefme propofe'n eft point folide, fi en le cher-

chant par vn chemin on vient a vne Equation fort com.
pofce,onpeut ordinairement venira vne plus limple, en
le cherchant parvn autre*

Iepourrois encoreaioufter diuerfes reigles pour de*-

meiler les Equations, qui vont au Cube , ou au Quarre

de
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tion. They would thus get an equation which could not easily be solved

without the rule which I have just explained.

For, putting a for BD or CD, c for EF and x for DF, we have

CF= a—x, and, since CF is to FE as FD is to BF, we have

a—x:c= x:BF,

whence BF= . Now, in the right triangle BDF whose sides area—x
x and a, x2

-\-a
2
, the sum of their squares, is equal to the square of the

c2x2

hypotenuse, which is 2_2 2 Multiplying both sides by

*2—2ax+a2

we get the equation,

x*—2ax*+2a2x2—2a3x+a*= c2x2
,

or

x*-2ax3+(2a2-c2)x2—2a3x+ol = 0,

and by the preceding rule we know that its root, which is the length of

the line DF, is

If, on the other hand, we consider BF, CE, or BE as the unknown

quantity, we obtain an equation of the fourth degree, but much easier

to solve, and quite simply obtained.
12"1

Again, if DG were used, the equation would be much more difficult

to obtain, but its solution would be very simple. I state this simply to

warn you that, when the proposed problem is not solid, if one method

of attack yields a very complicated equation a much simpler one can

usually be found by some other method.

m*i Taking BF as the unknown quantity, the resulting equation is

x* + 2cx3 + (c2— 2o*)x2 — 2a2cx— ate2 = 0.

Rabuel, p. 487.
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I might add several different rules for the solution of cubic and

biquadratic equations but they would be superfluous, since the con-

struction of any plane problem can be found by means of those already

given.

I could also add rules for equations of the fifth, sixth, and higher

degrees, but I prefer to consider them all together and to state the

following general rule

:

First, try to put the given equation into the form of an equation

of the same degree obtained by multiplying together two others, each

of a lower degree. If, after all possible ways of doing this have been

tried, none has been sucessful, then it is certain that the given equation

cannot be reduced to a simpler one ; and, consequently, if it is of the

third or fourth degree, the problem depending upon it is solid; if of

the fifth or sixth, the problem is one degree more complex, and so

on. I have also omitted here the demonstration of most of my state-

ments, because they seem to me so easy that if you take the trouble

to examine them systematically the demonstrations will present them-

selves to you and it will be of much more value to you to learn them

in that way than by reading them.
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dequarre', maisellesfcroientfiiperflucs; carlorfque les

Problefmcs font plans ,onen peut toufiours trouuer la

conftru&ion par celles cy.

Ie pourrois aufTy en adioufter d autres poor les Equa- Regie

tions qui montent iufques au furfolide, ou an Quarr£ de &
u"Jc!

cube, ou au dela, mais i'ayme mieox les comprendre duireies

toutes en vne, & dire en general, que lorfqu on atafche
y
gui

1

paf°

S

de les reduire a mefme forme, que celles d'autantdc du «« '«

menfions,quivieuent dela multiplication de denx au- quarre.

tres qui en ont moins , & qu ayant de'nombre' tous les

moyens, par lefquels cete multiplication, eft poffible , la

chofen'apAfuccederparaucun, on doit s'aflTurer qu'el-

les nefgauroient eftre reduites a de plus fimples. En for-

te que fi la quantity inconnue a 3 on 4 dimenfions,le Pro-

blefme pour lequel on lacherche eft fblide^Sc fi elle en a

5 ,on <j,il eft d'vn degrd plus compofe j & ainfi des autres*

Aurefte fay omis icy les demonftrations de la plus

part de ce que iay dit a caufe qu'elles m'ont (emote fi fa-

ciles,quepourvAquevous prenie's la peine d'examiner

methodiquement fi iay failly,elles fe prefenteront a vous

d'elles mefme: & il fera plus nile de les apprendre en ce-

te facon, qu'en les lifant.

Or quand on eft afTure, que le Problefme propofe eft n e r

c

a°ic

SC"

folide, foit que PEquation parlaquelle on le cherchep°urcon-

monteauquarre' dequarre, foit qu elle ne monte que tousle*

iufques au cube, on peut toufiours en trouuer la racine Probl«^.

par l'vne des trois fe&ions coniques , laquelle que ce foit d«»r"c-

ou mefme par quelque partie del'vne d'elles , tant petite duits
'

*•

qu'elle puifTe eftre; en ne fe feruat au refte que de lignes
qaaiio de

droites,&decercles. Mais ie me contenteray icy de trois
°'V_

Ccc 3 donner meafions.
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dormer vne reigle generatepourles troauer toates par le

moyend'vne Parabole, a caufc qu'elle eft en quelquc fa-

§oniaplusfimple.

Premierement ilfaut ofter le fecond terme de ['Equa-

tion propofce, s'il n'eft defia nnl, & ainfi la reduire a tel-

leforme, ^
J 30 *

.

ap %. a aq, ilia quantite' inconnue n'a

que trois dimenfionsj oubien atelle, £* so * ap%{. aaqK>
«)r,fielieenaquatre

;
oubienenprenant« pour Tmite',

a telle, ^ * 30
#

. p ^ qt & a telle

a»-

r

Apr<&
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Now, when it is clear that the proposed problem is solid, whether

the equation upon which its solution depends is of the fourth degree or

only of the third, its roots can always be found by any one of the three

conic sections, or even by some part of one of them, however small,

together with only circles and straight lines. I shall content myself

with giving here a general rule for finding them all by means of a para-

bola, since that is in some respects the simplest of these curves.

First, remove the second term of the proposed equation, if this is not

already zero, thus reducing it to the form z3 = ±apz±a'-q, if the given

equation is of the third degree, or z* = ±apzt±a-qz±d'r, if it is of the

fourth degree. By choosing a as the unit, the former may be written
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z* =- ±pz±q and the latter z*— ±pz2±qz±r. Suppose that the para-

bola FAG (pages 194-198) is already described; let ACDKL be

its axis, a, or 1 which equals 2AC, its latus rectum (C being within the

parabola), and A its vertex. Lay off CD equal to \p so that the points

D and A lie on the same side of C if the equation contains +/> and on

opposite sides if it contains —p. Then at the point D (or, if p =0, at

C), erect DE perpendicular to CD, so that DE is equal to iq,

and about E as center with AE as radius describe the circle FG, if the

given equation is a cubic, that is, if r is zero.
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Aprcs cela fuppofant que la Parabole FAG eft defia

defcrite, & que fon aiffieu eftA C DK L, & que fon co-

fte' droit eft a, ou i , dontA C eft la moitie', & enfin que

le point C eft au dedans de cete Parabole,& que A en eft

le fommetj 11 fautfarre C D 30 ±/>, & la prendre du met
me coftd, qu'eft le pointA au regard du pointC , s'il y a

-f-p enl'Equationj mais s'il y a

—

p il faut la prendre de

l'autre cofte. Et du point Da oubicn , fi la quantitd

^eftoitnulle.du point Cil faut efleuer vne ligne a an-

gles droits iufques aE, en forte quelle foit efgale a|^.

Et enfindu centreE il faut defcrire le cercle EG , dont

le
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Ic demidiametre foit

A E , fi 1'Equation

n'eft que cubique, en

forte que la quanti-

te'r foit nulle. Mais

quand il y a •+• r il

faut dans cete ligne

A E prolongee, pren-

dre d'vn cofte A R
efgale a r, & de i autre

AS efgale au cofte

droit de la Parabole

qui eft r, &ayantde-
fcrit vn cercle dont le diametre foitR S, il faut faire A H

perpediculaire fur

A E , iaquelleA H
rencontre ce cer-

cleRH S au point

H,quieftceluypar

ou l'autre cercle

F H G doit pafTer.

Et quand ily a —r
il faut aprds auoir

ainfi trouuc laligne

AH , infcrire A I,

qui luy foit efgale,

dans vn autre cer-

cle, dont A E foit

Iediametre,&lors

c'eft par le point I,

que
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If the equation contains -(- r, on one side of AE produced, lay off

AR equal to r, and on the other side lay off AS equal to the latus

rectum of the parabola, that is, to 1, and describe a circle on RS as

diameter. Then if AH is drawn perpendicular to AE it will meet the

circle RHS in the point H, through which the other circle FHG must

pass.

If the equation contains — r, construct a circle upon AE as

diameter and in it inscribe AI, a line equal to AH
;

[227]
then the first

circle must pass through the point I.

[M7j
T/jjat jS( jraw a chord equal to AH.
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Now the circle FG can cut or touch the parabola in 1, 2, 3, or 4

points; and if perpendiculars are drawn from these points upon the

axis they will represent all the roots of the equation, both true and

false. If the quantity q is positive the true roots will be those perpen-

diculars, such as FL, on the same side of the parabola, as E,
[228]

the

center of the circle; while the others, as GK, will be the false roots.

On the other hand, if q is negative, the true roots will be those on the

opposite side, and the false or negative roots'
2201

will be those on the

same side as E, the center of the circle. If the circle neither cuts noi

touches the parabola at any point, it is an indication that the equation

has neither a true nor a false root, but that all the roots are imagi-

nary.
12801

This rule is evidently as general and complete as could possibly be

desired. Its demonstration is also very easy. If the line GK thus con-

structed be represented by z, then AK is z2
, since by the nature of the

parabola, GK is the mean proportional between AK and the latus rec-

tum, which is 1. Then if AC or |, and CD or \p, be subtracted from

AK, the remainder is DK or EM, which is equal to z2—\p—\ of which

the square is

z*-pz*-z-+\p>+\p+\.

And since DE =KM= -2-0', the whole line GM. = z -\--^ g , and the square

of GM equals z7,+gz+ ~rgz
. Adding these two squares we have

*-p*+qz+ \ g
2 + \p>+ \p+\

lias] That is, on the same side of the axis of the parabola.
12291 "Les fausses ou moindres que rien." This is the first time Descartes has

directly used this synonym.
P30] It may be noted that Descartes considers the cubic as a quartic having zero

as one of its roots. Therefore, the circle always cuts the parabola at the vertex.

It must then cut it in another point, since the cubic must have one real root. It

may or may not cut it in two other points. It may cut it in two coincident points

at the vertex, in which case the equation reduces to a quadratic.
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que doit pafTer F I G le premier cercle cherche. Or ce

cercle F G peut coupper, ou toucher la Parabole en i,

ou 2, ou 3, on 4poins, defquels tirant des perpendiculai-

resfurlaiffieu, onatouteslesracinesde l'Equation tant

vrayes, que fanfles.A fcauoir fi la quantity eft marquee

du figne 4-, les vrayes racines feront celles de ces per-

pendiculaires ,
qui fe trouueront du mefmecofte' dela

parabole, que E le centredu cercle, commc FL ;
& les

autres, comme G K, feront faufTes : Mais au contraire fi

cete quantite q eft marquee du figne — les vrayes feront

celles dei'autrecofte'; SclesfaufTes, ou moindres que

rien feront du coftcou eft E le centre du cercle. Et en-

fin fi ce cercle ne ccuppe,ny ne touche la Parabole en au-

cun point, cela tefmoigne qu'il n'yaaucuneracineny

vraye nyfaufle en l'Equation , & qu'elles fbnttoutes

imagiuaires. En forte que cete reigle eft la plus genera-

te , & la plus accomplie qu'il foit poflible de fbu-

haiter.

Et la demon ftration en eft fort ayfe'e. Car fi la ligne

G K, trouue'e par cete construction , fe nomine {, AK
fera % ^ a caufe de la Parabole , en laquelle G K doit

eftre moyene proportionelle,entreA K, & le cofr^ droit

qui eft i.puisfide A Ki'ofte AC, quieft- , & CD qui

eft ±p, il refte D K, ou E M, qui eft jft— \p - | , done le

quarre eft

V-pVL-VL+ iPP'+'lp+Z &acaufequeDE,ou
KMeft^latouteGMeft^-h^, dont lequarre'eft

VL~*~ 1 ^~*~ Z 11* ^ affemblant ces deux quarrel, on a

D d d pour
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r*-

ponrlequarre'delaligneG E, acaufequ'elleeftla baze
da triangle re&angle EMG,
Maisacaufe que cete mefrne ligne GE eft le demi-

diametre du cercleFG, elle fe peut encore expliquer en
d'autres termes,a f$auoirE D eftant { q , & AD eftant

£/>-*-£E Aeft V izT+iPP+ip+ itcaufcdeVan-
gle droitAD E, puis HA eftant moyene proportioned
entreA S qui eft i &A R qui eft r,elle eft Vv* & a cau-
fede l'angle droitEA H, le quarredeHE , on E G eft

iM +" \PP "+* iP "*" * "*" r

:

fibienque il y a Equation

entre
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for the square of GE, since GE is the hypotenuse of the right triangle

EMG.
But GE is the radius of the circle FG and can therefore be expressed

in another way. For since ED= \ q, and AD= i p-\- \, and ADE is

a right angle, we have

EA
=Vi*

2

+ib
2

+1r'+i-

Then, since HA is the mean proportional between AS or 1 and AR or r,

HA= V r; and since EAH is a right angle, the square of HE or of EG is

and we can form an equation from this expression and the one already
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obtained. This equation will be of the form z*= pz2 —qz-\-r, and there-

fore the line GK, or z, is the root of this equation, which was to be

proved. If you will apply this method in all the other cases, with the

proper changes of sign, you will be convinced of its usefulness, without

my writing anything further about it.

Let us apply it to the problem of finding two mean proportionals

between the lines o and q. It is evident that if we represent one of the

z % z 2
z*

mean proportionals by z, then a: z=z :
— = -

: -«,. Thus we have an
a a a

z3

equation between q and-», namely, z3=a2
q.

a

Describe the parabola FAG with its axis along AC, and with

AC equal to £ a, that is, to half the latus rectum. Then erect CE

equal to \ q and perpendicular to AC at C, and describe the circle AF
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cntre cete fbmme& la prccedente. cequi eft le mcfine

que %* x>*p3&— q \^r r.& par confequent la ligne trdu-

ueeGK qui a eftd nomme'e ^eft la racine de cete Equa-

tion, ainfiquilfalloitdemonftrer. Et fi vous applique's

ce mefme calcul a tous les autres cas de cete reigle , en

changeant les fignes 4- & - felon Toccafion , vous y
trouuere's voftre conte enmefme fbrte,fans qu'il foit be-

tfoinqueiem'y arefte.

Si on veut done fuiuantcete reigle trouuer deuxmo*

yennesproportionellesentre les lignes a & ^chafcun

f§aitquepofant^pourlVne, comme«eft a \ , ainfi

^"a^, & 7 a ^jdefaconqu'ily a Equation entre q & Vinuca

tioa de

deux mo-
^ e'eft a dire, ^

J so * ** * q.Et la ParaboleFAG eftant ycncSpr

portio-

Ddd a de-neiics.
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defcrite, auec la partie de fori aiflieu A C, qui eft {ah
moitie'du cofte' droit

;
il faut du point C efleuer la per-

pendiculaire C E efgale a - q, &du centre E ,
parA, de-

fcriuant le cercle A F, on trouue FL , & LA ,
pour les

deux moyennes cherchees.

Tout de mefme fi on veut diuifer Tangle NOP, ou-

dediuSr bienl'arc, ou portion de cercle N QTP, en trois par-

•vn angle
tjes efgales ;

faifantNO do i, pour le rayon du cercle, &
NP30£, pour la fubtenduede Tare donne, &NQao^
pour la lubtendue du tiers de cet arc 5 1'Equation

vient,

V ^ *3 K" 1% ^ar aYant tir^ ^cs Kgnes N (X, O Q,
OT ;& faifant QS parallele aT O, on voit que comme
NOeftaNQ^ainfiNQaQR^QRaRSj enforte

que
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about E as center, passing through A. Then FL and LA are the

required mean proportionals.'
2811

Again, let it be required to divide the angle NOP, or rather,

the circular arc NQTP, into three equal parts. Let NO = 1 be

the radius of the circle, NP= q be the chord subtending the given arc,

and NQ=,sr be the chord subtending one-third of that arc; then the

equation is z3 = 3z—q. For, drawing NQ, OQ and OT, and drawing

QS parallel to TO, it is obvious that NO is to NQ as NQ is to QR as

QR is to RS. Since NO = 1 and NQ= z, then QR= z- and RS = z3
;

and since NP or q lacks only RS or z3 of being three times NQ or z, we
have q= 3z—z3 or z3 = 3z—q.im

Describe the parabola FAG so that CA, one-half its latus rectum,

1 3 1
shall be equal to-g-; take CD= -g-and the perpendicular DE= — g;

then describe the circle ¥AgG about E as center, passing through A.

This circle cuts the parabola in three points, F, g, and G, besides the

vertex, A. This shows that the given equation has three roots, namely,

the two true roots, GK and gk, and one false root, FL. 1"*1 The smaller

imi This may be shown as follows: Draw FM ± to EC; let FL=*. From

the nature of the parabola, FL2=a . AL; AL=— ; ET?+CA2==EA2
; EMS+FM2

=EFa
; 1^=^+ ^; EM2=(EC - FL) 2= (y?-*V; FM

2=CL2= (AL-AC) 2

a
~ T) ' EF =J — 9«+«2+ ^i— *2+ \- Bu* EF=EA.

.•.!+T=T-9*+*2+1-**+T.4 4 4 <r 4

whence 2s = a2q.
lBtl ZNOQ is measured by arc NQ

;

ZQNS is measured by i arc QP or arc NQ;
ZSQR=/QOT is measured by arc QT or NQ;
.'•ZOQN=ZNQR=ZQSR.
."•NO : NQ= NQ : QR = QR : RS.
QR= «* ; RS = a?. Let OT cut NP at M.
NP= 2NR+MR= 2NQ+MR
= 2NQ+MS— RS
= 2NQ+QT— RS
= 3NQ — RS.

Or q= Zz— **.

Rabuel. p. 534.
I"*j G and g being on the opposite side of the axis from E, and F being on the

same side.
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of the two roots, gk, must be taken as the length of the required line

NQ, for the other root, GK, is equal to NV, the chord subtended by

one-third the arc VNP, ta341 which, together with the arc NQP consti-

tutes the circle ; and the false root, FL, is equal to the sum of QN and

NV, as may easily be shown.
123'1

It is unnecessary for me to give other examples here, for all prob-

lems that are only solid can be reduced to such forms as not to require

this rule for their construction except when they involve the finding

of two mean proportionals or the trisection of an angle. This will be

obvious if it is noted that the most difficult of these problems can be'

[2M] por proof
) see Rabuel, page 535.

t235) Let AB = 6; EB - MR= mk= NL= c; AK = t;Ak = s;A 1L = r;

KG=y; kg=z, FL=z/.Then GM.—y+ c, gm=z+c, ¥T>l=v—c, GK2=a.AK,

'a * a a

ME=AB-AK=£- y -

mE=6 — EN= EG =EAT-f-MGz

EA=Af+ BE2

egW- 2^2

+ ^+f+ 2cy+cA

2ab = y s -\-2a-c-\-aiy 2ab-
\z3 +2a2c+a2z

y*+ 2a2c+ a2y _zs+ 2a2c+ a2z

2azc = z2y+ zy2

Similarly,

2a-c = v2y — vy2

z2y+ zy 2 = v2y — vy 2

v— z=.y v = y+ z

Rabuel, p. 540.

z2 =. vy+ zy

FL = KG+/^
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queN O eftant j,&N Qeftant £,QReft^ &R S eft

j£
?
: Et a canfe qu'il s'en faut feulement R S, ou %

?

, que la

ligneN P, qui eft q s
ne foit triple de N Q^ qui eft %, ou

a q so 5 ^— ^ ' oubieu,

Puis la ParaboleFAG eftant defcrite , & CA la moi-

tie'de fon cofte droit principal eftant ~ , fi on prent CD
co I, & laperpendiculaire D E oo \ q t & que du centre E,

par A, on defcriue le cercle FA gG , ilcouppe cete Pa-
rabole aux troispoins F, g, & G , fans conter le pointA
qui en eft le fbmmet. Ce qui mouftre qu'il y a trois raci-

nesen cete Equation, a fgauoir les deuxG K ,&g \, qui

font vrayesj & la troifieftne qui eft faufle , d f§auoirF L.

Etdeces deuxvrayes c'eftg^ hrplus petite qu'il faut

prendre pour la ligneN Q qui eftoit cherche'e. Car fau-

treG K, eft efgale aN V, la fubtendue de la troifiefine

partie de l'arcNVP, qui auec l'autre arcN QP achcue

le cercle. Et la faufTeF L eft efgale a ces deux enfemble
QN &N V, ainfi qu'il eft ayfea voir parlecalcul.

II feroitfuperflus que iem'areftafTea donner icy d'au- Que tons

tres exemples; car tous les Problefmes qui ne font que bieE
folides fe peuuent reduire a tel point,qu'on n'a aucun be- foli(

!
cs fe

foin de cete reigle pour les conftruire,finon entant qu'el- reduire a

le fert atrouuer deux moyennes proportionel!es,oubien ccs
2
eu*

adiuifervn angle en trois partiesefgales. Ainfi que yous tions.

connoiftres en confiderant, que Ieurs difficukes peuuent

toufiours eftre comprifes en des Equations ,
qui ne mon.

tent que iufque au quarrd de quarrd, ou au cube : Etque

toutes celles qui montent au quarrd de quarrd , fe redui-

fent au quarrel par le moyen dc quelques autres , qui ne

Ddd 3
montent
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montent queiufques au cube: Et enfin qu'dh petit ofter

le fecond terme de celles cy. Eq forte qu'il n'y en a point

qui ne fe puifle reduire a quelq
;
vne de ces trois formes.

Or fi on a ^ ' oo * --/> ^H- q t
la reigle dont Cardan at-

tribue i'inuention a vn nomme'Scipio Ferreus , nous ap-
prent que la ratine eft,

Comme aufly lorfqu ona^oo^-h^H-^, 64. que le

quarrdde la moitie'du dernier terme eft plus grand que

le Cube du tiers de la quantite' connue du penultiefme,

vne pareille reigle nous apprent que la racine eft,

D'ou il paroift qu'on peut conftruire tous les Problef-

mes, dont les diiKculte's fe reduifent alVne de ces deux

formes, fans auoir befoin des fe&ions coniques pour au-

tre chofe, que pour tirer les racines cubiques de quel-

ques quantity donnees, c'eft a dire, pour trouuer deux

moyennes proportioneiles entre ces quantites & i'vnite'.

Puis fi on a ^ J so *-*-/> ^-f- q , & que le quarre' de la

moitie'du dernier terme nefbit point plus grand que le

cube du tiers de la quantite'connue du penultiefme, en

fnppofant le cercleNQP V,dont le demidiametreNO
foit Vjp

t
c'eftadire la moyenne proportioned entre

le tiers de la quantity donne'e^ & 1'vnite'; & fuppofant

aufly la ligne N P iufcrite dans ce cercle qui foit
-J

c'eft
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expressed by equations of the third or fourth degree; that all equa-

tions of the fourth degree can be reduced to quadratic equations by
means of other equations not exceeding the third degree ; and finally,

that the second terms of these equations can be removed ; so that every

such equation can be reduced to one of the following forms

:

z3 = —pz+q z3= -\-pz-\-q z3= -\-pz—

q

Now, if we have z3 = —pz-\-q, the rule, attributed by Cardan 1"*1

to one

Scipio Ferreus, gives us the root

Similarly, when we have z3 = -\-pz-\-q where the square of half the

last term is greater than the cube of one-third the coefficient of the

next to the last term, the corresponding rule gives us the root

It is now clear that all problems of which the equations can be

reduced to either of these two forms can be constructed without the

use of the conic sections except to extract the cube roots of certain

known quantities, which process is equivalent to finding two mean pro-

portionals between such a quantity and unity. Again, if we have

z3= -{-pz-\-q, where the square of half the last term is not greater

than the cube of one-third the coefficient of the next to the last term,

describe the circle NQPV with radius NO equal to -J-^-p, that is to

the mean proportional between unity and one-third the known quantity

p. Then take NP= -^, that is, such that NP is to q, the other known
P

J

4381 Cardan ; Liber X, Cap. XI, fol. 29 : "Scipio Ferreus Bononiensis iam annis
ab hinc triginta ferme capitulum hoc inuenit, tradidit uero Anthonio Mariae Flor-
ido Veneto, qui cu in certamen cu Nicolao Tartalea Brixellense aliquando uenisset,
occasionem dedit, ut Nocolaus inuenerit & ipse, qui cum nobis rogantibus tradidis-
ser, suppressa demonstratione, freti hoc auxilio, demonstrationem quaeliuimus,
eamque in modos, quod diffcillimum fuit, redactam sic subjecimus."

See also Cantor, Vol. II (1), p. 444; Smith, Vol. II, p. 462.
r*»] £)escartes wrote this

:

Vc+|^+Vt^+2> +Vc-I^+Vtw+^-
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quantity, as 1 is to -^-p, and inscribe NP in the circle. Divide each of

the two arcs NQP and NVP into three equal parts, and the required

root is the sum of NQ, the chord subtending one-third the first arc, and

NV, the chord subtending one-third of the second arc.
[238]

Finally, suppose that we have z3 = ps—q. Construct the circle NQPV

whose radius NO is equal to-\l—-/>, and let NP, equal to—, be in-

scribed in this circle ; then NO, the chord of one-third the arc NQP,

will be the first of the required roots, and NV, the chord of one-third

the other arc, will be the second.

An exception must be made in the case in which the square of half

the last term is greater than the cube of one-third the coefficient of the

next to the last term ;

:m for then the line NP cannot be inscribed in

the circle, since it is longer than the diameter. In this case, the two

12381
It may be noted that the equation s3 = 3s— q may be obtained from the

equation s3 = 3s+ q by transforming the latter into an equation whose roots have

the opposite signs. Then the true roots of s3 = 3s— q are the false roots of

s3 = 3s+ q and vice-versa. Therefore FL = NQ+ NP is now the true root.

[z»] The so-called irreducible case.
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cJ7\
1 !
1 :

J ! ,
D \

/
E K :

/\, <

L^r^

c'eftadirequifoit aTatitre quantity donned q comme
lVnite eft au tiers dep-s il ne faut que diuifer chafcun des

deux arcsNQP&NVPen trois parties efgales , &on

auraN Q, la fubtendue du tiers de l'vn , &N V la fub-

tendue du tiers de Tautre, qui iointes enferable compo-

feront laracine cherchce.

Enfinfiona q* ao*£ %~q , en fuppofant derechef le

cercleN QJP V, dont le rayonN O foit %^^p,& l'infcri-

te NPfoit - , NQjafubtendue du tiers de TareNQP fe-

rai'vnedcsracineschcrchees, & NV la fubtendue du

tiersde fautre arc fera l'autre. Au moins fi le quarrrf de

la moitie du dernier terme, n'eft point plus grand,que le

cube du tiers de la quantitc connue du penultiefme. car

s'll eftoit plus grand,la ligneN P ne pourroit eftre inferi-

te dans le cercle , a caufe quelle feroit plus longue que

fon diametre: Ce qui feroit caufe que lesdeux vrayes ra-

cines
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cines de cete Equation neferoient qu'imaginaires , &
quil ny en auroit de reelles que la faufle

,
qui fuiuant la

reigle dc Cardan feroit, _____

d'cxpT A" rcfte il eft a remarquer que cete facon d'exprimer

meriava-
\a valeurdesracinespar le rapport qu'elles ont aux co-

wutctics ft^s de certains cubes dont il ny a'que le contenu qu'on

racines connoifle, n eft en rien plus intelligible , ny plus fimple,

qultLs quedelesexprimerparlerapportqu'elles ont aux fub-

cubiqu«:
ten(jugs(jecertainsarcS) ouportions de cercles , dont

dcToUtcs le triple eft donne'. En forte que toutes celles dcs Equa-

"cmo2-
Ui
tionscubiques qui ne peuuent eftre exprime'es par les

tent que rejgies de Cardan, le peuuent eftre autant ou plus daire-

52^2 mentpariatasonicypropofee.
quarrs.

c^ fi paf exemple , on penfe connoiftrc la racine de

cete Equation, tfa * ~ q K+P- a caufe <\u
'

on <&*

qu'elleeft compofe'e de deux lignes. dont l'vne eft le

cofte'd'vn cube, duquelle contenu eft \ q, adiouftrfau

cofte'd'vn quarre' , duquel derechef le contenu eft

3Eaq~ ^£p »; Etl'autre eft le cofte d'vn autre cube, dont

fe contenu eft la difference,'qui eftentreff, &Ie cofte

de ce quarre'dont le contenu eft * qq~£p, 9™ eft tout

ce qu'on enapprent par la reigle de Cardan.il ny apoint

de doute qu'on ne connoifle autant ou plus diftin&e-

ment la racine de celle cy , *'» * +- ?.- p , en la confi-

derantinferite dan* vn cercle, dont le demidiametre eft

V £^& f§achant quelle y eft la fubtendue d'vn arc

dontletripleapourfjLfubtenduey. Mefme ces ter-

mes
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roots that were true are merely imaginary, and the only real root is the

one previously false, which according to Cardan's rule is

Furthermore it should be remarked that this method of expressing the

roots by means of the relations which they bear to the sides of certain

cubes whose contents only are known'**
01

is in no respect clearer or

simpler than the method of expressing them by means of the relations

which they bear to the chords of certain arcs (or portions of circles),

when arcs three times as long are known. And the roots of the cubic

equations which cannot be solved by Cardan's method can be expressed

as clearly as any others, or more clearly than the others, by the method

given here.

For example, grant that we may consider a root of the equation

**— —qz+P known, because we know that it is the sum of two lines

of which one is the side of a cube whose volume is — q increased by the

side of a square whose area is — q
2- ^ f?> and the other is the side of

another cube whose volume is the difference between -5-
<l
and the side

of a square whose area is — q*— ^ p. This is as much knowledge of

the roots as is furnished by Cardan's method. There is no doubt that

the value of the root of the equation 2* =* -\-qz—p is quite as well

known and as clearly conceived when it is considered as the length of a

chord inscribed in a circle of radius y]~^P and subtending an arc that

is one-third the arc subtended by a chord of length —

.

f***1 Descartes here makes use of the geometrical conception of finding the cube

root of a given quantity.
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Indeed, these terms are much less complicated than the others, and

they might be made even more concise by the use of some particular

symbol to express such chords/
2"1 just as the symbol il

l'a]
is used to

represent the side of a cube.

By methods similar to those already explained, we can express the

roots of any biquadratic equation, and there seems to me nothing fur-

ther to be desired in the matter ; for by their very nature these roots

cannot be expressed in simpler terms, nor can they be determined by

any constuction that is at the same time easier and more general.

It is true that I have not yet stated my grounds for daring to declare

a thing possible or impossible, but if it is remembered that in the method

I use all problems which present themselves to geometers reduce to a

single type, namely, to the question of finding the values of the roots

of an equation, it will be clear that a list can be made of all the ways of

finding the roots, and that it will then be easy to prove our method the

simplest and most general. Solid problems in particular cannot, as I

have already said, be constructed without the use of a curve more com-

plex than the circle. This follows at once from the fact that they all

reduce to two constructions, namely, to one in which two mean pro-

lan jjjjs js another indication of the tendency of Descartes's age toward sym-
bolism. This suggestion was never adopted.

[2421 In Descartes's notation, ]/ C

.
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mes font beaucoup moins embarafle's que les autres , Sc

iis fe trouueront beaucoup plus cours fi on veut vfer de
quelque chiffre particulier pour exprimer ces fubten-

dues, ainii qu'on fait duxhiffre VC* pour exprimer le

cofte" des cubes.

Et on peut aufly en fuite de cecy exprimer les racines

de toutes les Equations qui montent iufques au quarre

de quarre', par les reigles cy defTus expliquees. En forte

queienefsacheriendeplus a defirer en cete tnatiere.

Car eufin la nature de ces racines ne permet pas qu'on

lesexprimeentermesplusfimples, ny qu'on les deter-

mine paraucune conftru&ion qui foit enfemble plus ge-

nerate& plus facile.

II eft vray que ienay pas encore dit fur quelles raifons Pour-

ieme fonde, pour ofer ainfi aflurer, fi vne chofe eft poffi- ^°bief-

ble, ounel'eftpas. Mais fi on prent garde comment,par racs foli-

lamethode dont iemefers, tout ce qui tombe fbus kpeuuene

confideration des Geometres, fe reduift a vn mefme*ftr
?
coa"

genre de Problefmes
,
qui eft de chercher la valeur des &nTi«fc-

racines de quelque Equation
}
on iugera bien qu'iln'eft

aions

pasmalayfe'defairevnde'nombrement de toutes les vo-nyceux
'

yesparlcfquelles on les peut trouuer, qui foit fuffifant
Jfj^".

pourdemonftrerqu'on a choifi la plus generate,& la plus pofesdns

firaple. Etparticulierementpourcequieft des Problef- J"^ ".

mes folides, que lay dit ne pouuoir eftre conftruis , fans gnes Plus

qu'on y employe 'quelque ligne plus compofe'e que lai?«.
p°"

circulaire, e'eft chofe qu'on peut afTds trouuer, de ce
qu'ilsferecroifenttousadeuxconftru&ions

j en 1'vne

defquelles ilfautauoir tout enfemble les deux poins,qui
determinent deux moyenes proportionelles entre deux

Eee ligne s
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lignes donnees, & en l'autre Ies deux poins, qui diuifent

en trois parties efgales vn arc donnd: Car d'autant que la

courbure du cercle ne depend , que d'vn limple rapport

de toutes fes parties, au point qui en eft le centre -

y
on ne

peut auffy s'en feruir qu a determiner vn feul point entre

deux extremes,com uie a trouuer vne moyenne propor-

tionel/e entre deux lignes droitcs donnees, ou diuifer en
deux vn arc donne : Au lieu que la courbure des fedtions

coniques, dependant touiioursde deux diuerfes chofes,

peut aufly feruir a determinerdeux poins differens.

Mais pour cete mefme raifon il eft impoflible
, qu'au-

cundesProblefmesqui font d'vn degrdplus compofes
que lesfblides,& qui prefuppofent i'inuention de quatre

moyennes proportionelles,ou la diuifion d'vn angle en
cinq parties efgales, puiflTenteftreconftruitsparaucune

desfe&ions coniques. Ceft pourquoy iecroyray faireen
cecy tout le mieux qui fc puifle,fi ie donne vne reigle ge-
nerate pour les conftruire, enyemployantla ligne cour-

be qui fe defcrit par I'interfedtiodVne Parabole& d'vne

ligne droite en lafac^on cy defliis expKque'e. car iofe afc

furer qu 'il ny en a point de plus fimple en la nature
, qui

puifle feruirace mefme effe&j & vous auetvu comrae
elle fuit immediatement les lections coniques, en cete

queftion tant cherche'e par les anciens , dont la foltftiou

eufeigne par ordre toutes les lignes courbes, qui doiuent

racoa
fe

eftre receues en Geometrie.
aeM

r on-
Vous f^auesdefiacomment, lorfqu'on cherche les

ftmirc quantitds qui font requifes pour la conftruction de ces

probilf
^>r°t>Iefrnes., on les peut toufiours reduire a quelque E-
quation,qui nemonte que iufques au quarrc de cube, ou

au

mcs rc-

duics a
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portionals are to be found between two given lines, and one in which

two points are to be found which divide a given arc into three equal

parts. Inasmuch as the curvature of a circle depends only upon a sim-

ple relation between the center and all points on the circumference, the

circle can only be used to determine a single point between two

extremes, as, for example, to find one mean proportional between two

given lines or to bisect a given arc; while, on the other hand, since

the curvature of the conic sections always depends upon two different

things,""1
it can be used to determine two different points.

For a similar reason, it is impossible that any problem of degree more

complex than the solid, involving the finding of four mean proportion-

als or the division of an angle into five equal parts, can be constructed

by the use of one of the conic sections.

I therefore believe that I shall have accomplished all that is possible

when I have given a general rule for constructing problems by means

of the curve described by the intersection of a parabola and a straight

line, as previously explained
;

IW4]
for I am convinced that there is noth-

ing of a simpler nature that will serve this purpose. You have seen,

too, that this curve directly follows the conic sections in that question

to which the ancients devoted so much attention, and whose solution

presents in order all the curves that should be received into geometry.

pal As, for example, the distance of any point from the two foci. Descartes

does not say "all points on the circumference," but "toutes ses parties."

l244J See page 84.
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When quantities required for the construction of these problems are

to be found, you already know how an equation can always be formed

that is of no higher degree than the fifth or sixth. You also know how

by increasing the roots of this equation we can make them all true, and

at the same time have the coefficient of the third term greater than the

square of half that of the second term. Also, if it is not higher than

the fifth degree it can always be changed into an equation of the sixth

degree in which every term is present.

Now to overcome all these difficulties by means of a single rule, I

shall consider all these directions applied and the equation thereby

reduced to the form

:

/—Py
6+qy*—ry

3+sy-—ty+u =

in which q is greater than the square of J p.
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au furfolide. Puis vous fc,aue% aufly comment , en aug- vneEqot.

mentant la valeur desracines de cete Equation , on pent ",on <j
ui

toufiours faire qu'elles deuienent toutes vrayesj & auec piuf de

celaque la quatitdconnue du troifiefme terme (bit plu s
fix **

grandc que le quarre de la moitie* de celledu fecond;Et

enfin comment, fi ellenemonte que iufquesau furfoli-

de , on la pent haufTer iufques au quarre de cube
5 & fai-

fe que la place d'aucunde fes termesne manque d'eftre

remplie. Or aflin que toutes les difficult^ , dont il eft

icy queftion ,
puuTent eftre refolues par vne mefme rei-

glc, ie defire qu'onface toutes ces chofes, & par ce

moyen qu'on les reduife toufiours a vne Equation de
telle forme,

y
6—py s -*-qy*''-?y » •+- syy— ty -+- v 30 o,

& en laquelle la quantity nommee q foit plus grande

quele quarre de la moitie'de celle qui eft nommee p.

Eec 2 Puis
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Pais ayant fait a

ligne B K indefi-

niement longue

des deux codes

;

& du point B
ayant tire* la pei-

pendiculaire A B,

dontla longueur

foir"i/)
;
ilfautdans

vn plan fepare de>

fcrire vne Para-

bole , comme C
D F dont le coftd

droit principalfoit

,

-

•

queienommeray

« pour abreger.

Aprds cela il faut

pofer le plan dans

lequel eft ceteParabole furceluy ou font les IignesAB&
BK, en forte que fon aiffieuD E fe rencontre iuftement

au deflus de la ligne droite BK: Et ayant pris la par-

tie de cet aiflieu , qui eft entre les poins E &D , efgale a

77, il faut appliquer fur ce point E vne longue reigle,

en telle facon qu'eftantaufly applique^ fur le point A
du plandedeflbus,elledemeure toufiours iointe a ces

deux poins, pendant qu'onhaufleraoubaiflera la Para-

bole
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Produce BK indefinitely in both directions, and at B draw

AB perpendicular to BK and equal to \ p. In a separate planeIM8J

describe the parabola CDF whose principal parameter is

4V u 4

which we shall represent by n.

Now place the plane containing the parabola on that containing the

lines AB and BK, in such a way that the axis DE of the parabola falls

along the line BK. Take a point E such that DE——^- and place apn *

ruler so as to connect this point E and the point A of the lower plane.

Hold the ruler so that it always connects these points, and slide the

parabola up or down, keeping its axis always along BK. Then the

r»»i Th^ ,joes not mean jn a nxe(j piane intersecting the first, but, for exam-
ple, on another piece of paper.
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point C, the intersection of the parabola and the ruler, will describe

the curve ACN, which is to be used in the construction of the proposed

problem.

Having thus described the curve, take a point L in the line BK on the

2 VaT
concave side of the parabola, and such that BL=DE=—— ; then lay

pn
t

off on BK, toward B, LH equal to ,— , and from H draw HI

perpendicular to LH and on the same side as the curve ACN. Take

HI equal to

J--L. V«" _1_

'&

which we may, for the sake of brevity, set equal to —§. Join L and I, and
n

describe the circle LPI on LI as diameter; then inscribe in this circle

the line LP equal to \r
+^. '

. Finally, describe the circle PCN about
* n

I as center and passing through P. This circle will cut or touch the

curve ACN in as many points as the equation has roots ; and hence the

perpendiculars CG, NR, QO, and so on, dropped from these points

upon BK, will be the required roots. This rule never fails nor does it

admit of any exceptions.

For if the quantity s were so large in proportion to the others, p, q,

r, t, u, that the line LP was greater than the diameter of the circle
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bole tout te long de la ligne B K. * fur laquelle fon aiffieu

eft applique' au moyen dequoy l'interfe&ion de cete Pa-

rabole, & de cete reigle, qui fe fera au pointC , defcrira

la ligne courbe A C N, qui eft celle dont nous auons be-

ibinde nous feruir pour la construction du Problefme

propofe\ Carapresqu'elleeftainfi defcrite, fi on prent

le pointL en la ligne B K, du cofte vers lequel eft tourne*

lefbmmet de la Parabole , & qu'on face BL efgale a D
E,c'eft adirea : Puis du point L , vers B , qu'on

prene en la mefme ligne BK , la ligne LH, efgale &

£^j & que du point H ainfitrouue', on tire a angles

droits , du coftcf qu'eft la courbe A CN > la ligneH I,

dont la longcur foit^-H ^4- •—-;, qui pour abreger

fera nommee ~: Etapre's,ayantioint les poins L & I,

qu'on defcriue le cercleL P I , dont IL foit le diametre5

& qu'on infcriueen ce cercle la ligne LP dont la lon-

geur foit
"
-^T : ^uis en^n &a centre *> Par *e point P

ainfi trouue*, qu'on defcriue le cercleP C N. Cc cercle

couppera ou touchera la ligne courbe A CN , en autanr

de poins qu'ily aura deracines en l'Equation .• En forte

que les perpendiculaires tire'es de cespoins fur la ligne

B K, comme CG,NR, QO , & femblablcs , feront les

racinescherchees. Sans qu'il y ait aucune exceptionny
aucundeffaut en cete reigle. Car fi laquantiteV cftoit

fi grande, a proportion des autres)>, q, r, tt& v, que la li-

gneL P fe trouuaft plus grande que le diametre du cer-

Eee 3
cle
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cle I L, en forte qu'elle n'y puft eftre infcrite,il ny auroit

aucuneracineenl'Equationpropofee qui_ne fufHmagi-

naire: Non pJus que fi le cercle I P eftoit fi petit, qu'il ne
coupaft la courbe AC N en aucun point. Et il la pent
couper en fix differens , ainfi qu'il peut y auoir fix

diuerfes racines en 1'Equation. Mais lorfqu'il la coupe
en moins , cela tefmoigne qu'il y a quclaues vnes de
ces racines qui font efgalesentre elles , oubienquine
font qu'imaginairej.

Que
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LI, 1*"1 so that LP could not be inscribed in it, every root of the pro-

posed equation would be imaginary ; and the same would be true if the

circle IP124'1 were so small that it did not cut the curve ACN at any

point. The circle IP will in general cut the curve ACN in six differ-

ent points, so that the equation can have six distinct roots. 1*10 But if

it cuts it in fewer points, this indicates that some of the roots are equal

or else imaginary.

IM,1That is, the circle IPL, of which the diameter is t, page 222.
l2tn That is, the circle PCN.
I**] The points determining these roots must be points of intersection of the

circle with the main branch of the curve obtained, that is, of the branch ACN.
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If, however, this method of tracing the curve ACN by the transla-

tion of a parabola seems to you awkward, there are many other ways

of describing it. We might take AB and BL as before (page 226), and

BK equal to the latus rectum of the parabola, and describe the semi-

circle KST with its center in BK and cutting AB in some point S.

Then from the point T where it ends, take TV toward K equal to BL
and join S and V. Draw AC through A parallel to SV, and draw SC

through S parallel to BK ; then C, the intersection of AC and SC will

be one point of the required curve. In this way we can find as many

points of the curve as may be desired.
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Quefi la'facpn de tracer la ligneA CN par le raouue-

ment d'vnc Parabole vous femble incommode, ileft ay-

fe'de trouuer plulieurs autres moyens pour la defcrire.

Commefiayantlesmefmes quantity que deuant pour
AB &B Lj&lamefme pourB K,quonauoitpofc'e pour
le coftefdroit principal de la Parabole

}
on defcrit le demi-

cercle K ST dont le centre foit pris a difcretion dans la

ligne B K, en forte qu'il couppe quelq. part la ligneA B,

comme au point S, & que du point T, riu il finift,on pre-

ne vers K la ligne T V, efgale a B Lj puis ayant tire' la li-

gne S V, qu'on en tire vne autre
, qui luy foit parallele,

par le point A, comme A C
5 & qu'on en tire aufly vne

autre par S,qui foit parallele a B K, comme S C5 le point

C,ou ces deux paralleles (e rencontrent,(era l'vn de ceox

de la ligne courbe cherche'e. Et on en peut trouuer , en

mefme forte,autaut d'autres quon en defire.

Or
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Or la dcmonftration de tout cecy eft afles facile, cat

appliquant lareigle A E auec la ParaboleED far le point

C}
comme il eft certain quelles peuuent y eftre appli-

que'es enfemble , puifque ce point C eft en la courbe

A C N,qui eft defcrite par leur interfe&ion
; ft C G fe

nomrae^GDfera-j , a cauie que le cofte' droit, qui

eft », eft aCG,commeCG aG D.& oftant D E., qui eft

—,de GDjOna7--—,pourGE. Puis a caufe que

A Befta BE, comme
CGeftaGE. AB
eftant \p , B E eft

3T *L m Zv
x» ""

ny

'

Et tout de mefme
en fuppofant que le

pointCde lacourbe k
efte'trouue' par l'inter-

fe&iodes lignesdroi-

tes,SC parallele aB
K, & A C parallele a
SV. SBquieftefgale

aCG,eftj; & BK
eftant efgale au colt/

droit de la Parabole,

que iay nomine* n , B

Teft 7. car comme

KBeftaBS, ainfiBS

eft a B T. Et T V
eftant
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The demonstration of all this is very simple. Place the ruler AE

and the parabola FD so that both pass through the point C. This can

always be done, since C lies on the curve ACN which is described by

the intersection of the parabola and the ruler. If we let CG= y, GD
v
2

will equal — , since the latus rectum n is to CG as CG is to GD. Then
n

2 yfu y
2

2 V#~DE= —-— , and subtracting DE from GD we have GE= — ———-.

pn n pn

Since AB is to BE as CG is to GE, and AB is equal to \ p, therefore

BE= „ — U
. Now let C be a point on the curve generated

en ny

by the intersection of the line SC, which is parallel to BK, and

AC, which is parallel to SV. Let SB = CG = y, and BK— n, the

2

latus rectum of the parabola. Then BT == J- for KB is to BS as BS is

n
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to BT, and since TV= BL= ^-we have BV=^ - ^^-. Also SB
pn n pn

is to BV as AB is to BE, whence BE= il- — as before. It is evi-
2n ny

dent, therefore, that one and the same curve is described by these two

methods.

Furthermore, BL= DE, and therefore DL= BE ; also LH— =
2nV«

and DL=^_i^
in ny

therefore DH =LH+DL= ^ -— + .
' ,—

in ny inSu

Also, since GD= —

,

n

GH=DH-GD=f-^ + -±=-£
2 n ny inM u n

which may be written

„s. -L^._£_
GH= —

ny

and the square of GH is equal to

Whatever point of the curve is taken as C, whether toward N or

toward Q, it will always be possible to express the square of the seg-

ment of BH between the point H and the foot of the perpendicular

from C to BH in these same terms connected by these same signs.
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cftant la mefme que BL , c'eft a dire—^ , B V eft

}{~~: &commeSBeftaBV,ainfiABeftaBE,qui

eft par coniequent£— - commedeuant,douonvoit

que c'eftvne mefme lignecourbe qui fe defcrit en ces

deuxfac,ons.

Aprds ce!a,pourcequeB L &DE (but cfgales,DL&
BE le font aufly: dc facon qu adiouftatL H, qui eft^t

aDL, quieft^-.^.on a la toute DH ,
qui eft

£- ?"*-^ I & en olhnt G D ,
qui eftf

ona GH, qui eft# - ~-H™ - 2 Ceque i'efcris

par ordrc en cete forteGH so—y> -+- ±pyy +-^—fV

Et le quarre* deGH eft,

nn yy
Et en quelque autreendroitde cete lignc courbe qu'on

veuille imaglner le point C, comme vers N, ou vers Q,
ontrouueratoufiours que le quarre* de la ligne droite,

qui eft entre le pointH & celuyou tombe laperpendicu-

lairedu pointC fur BH,peuteftrcexprime'en ces mefc

mes termes,& auec les mefines fignes -f* &— .

De plus I H cftant £, & L H eflant x̂ » I L eft

V*2
-f- J-* caufe del'angiedroit IH Lt

& LPeftat
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IPouICeft,

ni ~*~
4,n»v ~™ "" w » a caufcaufly de I angle

t w l TJ L
'J

ais *y*ntfot CM perpendiculairc furl H
IMeftladifferencequieftentrelH, &HMou CG,'
c'efta dire entre^, &jr , en forte que Ton quarre'

eft toufiours- - ^-f-^, qui efont oft* du quarre'

de

234



THIRD BOOK

Again, IH=^, LH

=

2n J~ > whence

IL=^
4»2«

since the angle IHL is a right angle ; and since

-^LP=^ +^#n n

and the angle IPL is a right angle,

IC = IP=\«4 4«2
« ~ «2 " "^~

Now draw CM perpendicular to IH, and

IM=HI-HM=HI-CG=^->';
n

whence the square of IM is —j- — —£- +y*.
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Taking this from the square of IC there remains the square of CM, or

? J pAu 2my 2

in u n n n

and this is equal to the square of GH, previously found. This may be

written

Now, putting

for n2
y*, and

—»V4+ 2my3—p V u y1—sy
2+ ~ y2

.

4#
n2
y
2

ry3+2^y3+^=y*

for 2my3
, and multiplying both members by «2

y
2

. we have

alsequals

y*—py*+qy*—rf+sy2—ty+u= 0,

whence it appears that the lines CG, NR, QO, etc., are the roots of this

equation.

If then it be desired to find four mean proportionals between the

lines a and b, if we let x be the first, the equation is x*—a*b= or

x9—a*bx= 0. Let y—a= x, and we get

/—6ay5+15a2
y
4—20as

y
3+15a4

y
2— (6aB+a*b)y+a«-\-a5b = 0.

Therefore, we must take AB = 3a, and BK, the latus rectum of the
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deIC, il refte— — — — 1—^-vv.^v ^* 4»»v nn nn ' tin JJ
pour le quarre'deCM,qui eft efgal au q uarrc deGH de-

fia trouue'. Oubien en raifant que cete fomme foit diui-

fe'e comme l'autre par nnyy, on a
tt .— nny 4+ imy ' — py v yy "syy •+ ~
vyy* Puis

nnyy

remettant ^rvy
4 -+• qy

A — j.ppy* , pour ««y 4
; &

ry * -+• 2 f^v j' '
•+-

t-y^y ', pour zmy* i & niultipttant

l'vne & Tautre(bmme par «»^y, on a

**-*/• -f.lr
4+ * JT'V

1 "'
•
v
\yy *y+ v

efgal&

Vv
\y ^-i'lV vty J « j- ? )^

""
tf (( , P' _(f , " f"

"+"bPP3 ^v^"o ~^)
C'eftadirequ'ona,

y
€ '~py* -4- q y * — ry* -lr s yy —ty -h vJOo.

Doii ilparoift'queleslignesCG,NR, QO, & fembla-

bles font lesracines de cete Equation, qui eft ce qu'il fal-

loitdemonftrer.

Ainfidoncfion veut trouuer quatre moyennes pro-

portionellesentreleslignes* &£, ayant pofe'arpour la

premiere
?
l'Equation eft x « * * * * -- a * b ao o oubien

x 6 * * * * -Car+bx* so-©. Et taifant^ *- a 3># il vient

C*eft pourquoy it faut prendre 3 pour la ligne AB, &

v<m
.-a-h 6aapourB K, on le cofte' droit de la Pa-

Pffa rabole
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rabole queiay oomm^n. 8cj* 1^** "*~ oh pour D E on

B L. Et apre*s auoir defcnt la ligne courbe A C N fur

la mefure de ces trois , i\ faut faire L H , 30
<«>4< «46

1»V<M .{.«*.

o fir '°"*
.
**-• ;

—

I .
l8**4.j*»£

Car !e cercle qui ayant fon centre

aupointlpaflera par le point Painfitrouue, couppera la

courbe aux deux poins C&N
;
defquels ayant tire les

perdendiculairesNR& CG,fi la moindre, N R, eft

ofte'e de la plus grande, C G, le refte fera, .v, la premiere
des quatre moyennesproportionelles cherchees.

11 eft ayfe en mefme fa§on de diuifer vn angle en cinq
parties efgales, &d'infcrire vne figure d'vnze ou treze
cofte'sefgauxdansvn cercle, &de trouuer vnc infinite'

d'autres exemples de cetc reigle.

Toutefoisilcft a remarquer, qu'en plufieurs de ces

exemples, ilpeut arriuer que le cercle couppe fi obh>
quement la parabole du fecond genre; que le point de

leur interfe&ionfoit difficile a reconnoiftre: & ainfi que

cete conftru&ion De fbit pascommode pour la pratique.

A quoy il leroit ayfede remedier en compofant d'autres

regies, a limitation de cellecy , comme on en peuc

compofer de mille fortes.

Mais mondefleinn'eft pas de faire vn gros liure, &
ie tafche plutoft de comprendre beaucoup en peu de
mots: comme on iugera peuteftre que iay fait , fion con-

fidere, qu'ayantrcduit a vne mefmc conftru&ion tous

les
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parabola must be

V
6a3+dl

b 2

Va2+a£

which I shall call n, and DE or BL will be

2a^<a2+ab.
Sn

Then having described the curve ACN, we must have

2n\a2+ab
and

„ T 10a3 , a
2

, , ,
.

, 18a4+ 3a3b

» * 2n2 <a2+ab
and

LP= * Jl5a2+6aVa2+a*.

For the circle about I as center will pass through the point P thus

found, and cut the curve in the two points C and N. If we draw the

perpendiculars NR and CG, and subtract NR, the smaller, from CG,

the greater, the remainder will be x, the first of the four required mean

proportionals.'
2481

This method applies as well to the division of an angle into five equal

parts, the inscription of a regular polygon of eleven or thirteen sides

in a circle, and an infinity of other problems. It should be remarked,

however, that in many of these problems it may happen that the circle

cuts the parabola of the second class so obliquely""
01

that it is hard to

determine the exact point of intersection. In such cases this construc-

tion is not of practical value.'
2"1 The difficulty could easily be overcome

by forming other rules analogous to these, which might be done in a

thousand different ways.

[»»] The two roots of the above equation in y are NR and CG. But we know
that a is one of the roots of this equation, and therefore NR, the shorter length,

must be a, and CG must be y. Then x— y— o = CG— NR, the first of the
required mean proportionals. Rabuel, p. 580.

(290] That is> makes so small an angle with it.
[asi]

"pijig js especially noticeable when there are six real positive roots.
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But it is not my purpose to write a large book. I am trying rather

to include much in a few words, as will perhaps be inferred from what

I have done, if it is considered that, while reducing to a single construc-

tion all the problems of one class, I have at the same time given a

method of transforming them into an infinity of others, and thus of

solving each in an infinite number of ways ; that, furthermore, having

constructed all plane problems by the cutting of a circle by a straight

line, and all solid problems by the cutting of a circle by a parabola ; and,

finally, all that are but one degree more complex by cutting a circle by

a curve but one degree higher than the parabola, it is only necessary to

follow the same general method to construct all problems, more and

more complex, ad infinitum ; for in the case of a mathematical progres-

sion, whenever the first two or three terms are given, it is easy to find

the rest.

I hope that posterity will judge me kindly, not only as to the things

which I have explained, but also as to those which I have intentionally

omitted so as to leave to others the pleasure of discovery.

[the end]
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les Problefmes dVn mefme genre, iay tout enfemble

donne'lafacondelesreduire ivne infinite* d'autres di-

acrfesj 5c ainfi de refoudre chafcun deux en vne infinite'

de fa$ons. Puis outre cela qu'ayant content tous ceux
qui font plans, en coupant d'vn cerclevnelignedroitej

& tousceux qui font folides , en coupant aufly d'vn cer-

cle vne Parabole; & enfintous ceux qui font d'vn degrd
plus compofcs, en coupant tout de mefme dVn cercle

vne ligne qui n'eft que d'vn degre' plus compofe'e que la

Parabole,- ilue faut que fuiure lamefme voye pour con-

ftruire tous ceux qui font plus compofcsa Unfini. Car en

matiere de progreffions Mathematiques »1orfqu'on a les

deuxoutrois premiers termes, il n'eft pas malayfe'de

trouuer les autres. £ti'eipere que nos neueux me f§au-

rontgre*, non feulement des chofes que iay icyexplt-

quees; mais aufly de celles que iay omifes volontaire-

rcment, affin de leurlaifler leplaifirde les inuenter.

FIN.
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PAr grace& priuilcge du Roytreschre-

ftien ileft permis al'Autheur duliure in*

titule Difcoursdela Methode &c. plus la Dio*

ptriqueJesMeteores^ la Geometric&c. dele

faireimprimer en telle part que bonluyfem-

bl*ra dedans& dehors le royaume de France,

SCce pendant le terme de dix anneesconfe-

quutiues, a confer du iour qu'il fera parache-

ued'imprimer, fans quaucun autre que le li-

braire qui! aura choifi le ptiifle irapriraer , ou

faireimprimer,en tout ny en partie, fous quel-

que pretexte ou deguifement que ce puifle

eftre-, ny en vendre ou debitcr d'autre impreC-

fion que decelle qui aura eftefake par fa per-

miffion,a peine de mil liures damande, con-

fiscation de tous les exemplaires &c. Ainfi

quil eft plusamplement declare dans les let-

tresdonneesaParisle4iourde May 1637.fi-

gnees par le Roy en fbn confeil Ceberet &
feelleesdu grand fceau de cireiaune fur fimple

queue.

l'Autheur a permis a Ian Maire marchand

libraire a Leyde, d'imprimer le dit liure &: de

iouir du dit priuilege pour le terns &C aux con-

ditions entreeux accordees,

Achcue d'imprimerU%.ioufdtIum 1657.
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By the grace and privilege of the very Christian King, it is per-

mitted to the author of the book entitled Discourse on Method, etc.,

together with Dioptrics, Meteorology, and Geometry, etc., to have

printed wherever he wishes, within or without the Kingdom of France,

and during the period of ten consecutive years, beginning on the day

when the printing is completed, without any publisher (except the one

whom he selects) printing it, or causing it to be printed, under any pre-

text or disguise, or selling or delivering any other impression except

that which has been allowed, under penalty of a fine of a thousand

livres, the confiscation of all the copies, etc. This is more fully set forth

in the letters given at Paris, on the fourth day of May, 1637, signed

by the King and his counsel, Ceberet, and sealed with the great seal of

yellow wax on a simple ribbon.

The author has given permission to Jan Maire, bookseller at Leyden,

to print the said book and enjoy the said privilege for the time and

under the conditions agreed upon between them.

The printing is completed the eighth day of June, 1637.
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West, J. S. Copley, C. R. Peale, Gilbert Stuart. Brilliant coverage of lives and con-

tributions. Revised, 1967 edition. 69 plates. 365pp. of text.

21806-6 Paperbound $3.00
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tions, art journalism; aesthetics of impressionist revolution in most striking form.

Highly readable classic by great painter. Reproduction of edition designed by

Whistler. Introduction by Alfred Werner, xxxvi + 334pp.
21875-9 Paperbound $3.00
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with op art, also for classical art. Scores of effects illustrated. Introduction by

William H. Ittleson. 100 illustrations, xxi + 252pp.

21530-X Paperbound $2.00
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150 Masterpieces of Drawing, Selected by Anthony Toney. Full page reproduc-

tions of drawings from the early 16th to the end of the 18th century, all beautifully

reproduced: Rembrandt, Michelangelo, Diirer, Fragonard, Urs, Graf, Wouwerman,
many others. First-rate browsing book, model book for artists, xviii + 150pp.

8% x 11%. 21032-4 Paperbound' $3.50

The Later Work of Aubrey Beardsley, Aubrey Beardsley. Exotic, erotic,

ironic masterpieces in full maturity: Comedy Ballet, Venus and Tannhauser, Pierrot,

Lysistrata, Rape of the Lock, Savoy material, Ali Baba, Volpone, etc. This material

revolutionized the art world, and is still powerful, fresh, brilliant. With The Early

Work, all Beardsley's finest work. 174 plates, 2 in color, xiv + 176pp. 8% x 11.

21817-1 Paperbound $375

Drawings of Rembrandt, Rembrandt van Rijn. Complete reproduction of fabu-

lously rare edition by Lippmann and Hofstede de Groot, completely reedited, up-

dated, improved by Prof. Seymour Slive, Fogg Museum. Portraits, Biblical sketches,
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"Stunning volumes," Saturday Review. 550 illustrations, lxxviii -j- 552pp.
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Fine Arts. All plates facsimile size. Introduction by Philip Hofer, Fogg Museum,
v + 97pp. 9% x 8%. 21872-4 Paperbound $2.50

Graphic Works of Odilon Redon. Largest collection of Redon's graphic works
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graphique complet, plus additional plates. New introduction and caption translations

by Alfred Werner. 209 illustrations, xxvii -f 209pp. 9V& x 12%.
21966-8 Paperbound $5.00
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by "controlled accident" interaction of materials: paints and lacquers, oil and water

based paints, splatter, crackling materials, shatter, similar items. Everything you do
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viii + 215pp. 8% x 11%. 21942-9 Paperbound $3.75

The Book of Signs, Rudolf Koch. Famed German type designer draws 493 beau-
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History of Indian and Indonesian Art, Ananda K. Coomaraswamy. An un-

abridged republication of one of the finest books by a great scholar in Eastern art.
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paintings, Gupta temples, Burmese frescoes, textiles, jewelry, sculpture, etc. 400

photos, viii -+- 423pp. 6% x 9%. 21436-2 Paperbound $5.00

Primitive Art, Franz Boas. America's foremost anthropologist surveys textiles,

ceramics, woodcarving, basketry, metalwork, etc.; patterns, technology, creation of

symbols, style origins. All areas of world, but very full on Northwest Coast Indians.

More than 350 illustrations of baskets, boxes, totem poles, weapons, etc. 378 pp.

20025-6 Paperbound $3.00

The Gentleman and Cabinet Maker's Director, Thomas Chippendale. Full

reprint (third edition, 1762) of most influential furniture book of all time, by

master cabinetmaker. 200 plates, illustrating chairs, sofas, mirrors, tables, cabinets,

plus 24 photographs of surviving pieces. Biographical introduction by N. Bienen-

stock. vi -f 249pp. 9% x 12%. 21601-2 Paperbound $4.00
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—
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American collectors. Introduction by H. E. Keyes. vi + 1106pp. 7% x 10%.
21599-7, 21600-4 Two volumes, Paperbound $11.00

Pennsylvania Dutch American Folk Art, Henry J. Kauffman. 279 photos,
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21205-X Paperbound $2.50

Early New England Gravestone Rubbings, Edmund V. Gillon, Jr. 43 photo-
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207pp. 8% x 11%. 21380-3 Paperbound $3.50
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decorative alphabets, script examples, cartouches, frames, decorative title pages, calli-

graphic initials, borders, similar material. 14th to 19th century, mostly European.

Useful in almost any graphic arts designing, varied styles. 750 illustrations. 256pp.

7 x 10. 21905-4 Paperbound $4.00

Painting: A Creative Approach, Norman Colquhoun. For the beginner simple

guide provides an instructive approach to painting: major stumbling blocks for

beginner; overcoming them, technical points; paints and pigments; oil painting;

watercolor and other media and color. New section on "plastic" paints. Glossary.

Formerly Paint Your Own Pictures. 221pp. 22000-1 Paperbound $1.75

The Enjoyment and Use of Color, Walter Sargent. Explanation of the rela-

tions between colors themselves and between colors in nature and art, including

hundreds of little-known facts about color values, intensities, effects of high and

low illumination, complementary colors. Many practical hints for painters, references

to great masters. 7 color plates, 29 illustrations, x -f 274pp.

20944-X Paperbound $2.75

The Notebooks of Leonardo Da Vinci, compiled and edited by Jean Paul

Richter. 1566 extracts from original manuscripts reveal the full range of Leonardo's

versatile genius: all his writings on painting, sculpture, architecture, anatomy,

astronomy, geography, topography, physiology, mining, music, etc., in both Italian

and English, with 186 plates of manuscript pages and more than 500 additional

drawings. Includes studies for the Last Supper, the lost Sforza monument, and

other works. Total of xlvii + 866pp. 7% x 10%-
22572-0, 22573-9 Two volumes, Paperbound $11.00

Montgomery Ward Catalogue of 1895. Tea gowns, yards of flannel and

pillow-case lace, stereoscopes, books of gospel hymns, the New Improved Singer

Sewing Machine, side saddles, milk skimmers, straight-edged razors, high-button

shoes, spittoons, and on and on . . . listing some 25,000 items, practically all illus-

trated. Essential to the shoppers of the 1890's, it is our truest record of the spirit of

the period. Unaltered reprint of Issue No. 57, Spring and Summer 1895. Introduc-

tion by Boris Emmet. Innumerable illustrations, xiii + 624pp. 81/2x11%.
22377-9 Paperbound $6.95

The Crystal Palace Exhibition Illustrated Catalogue (London, 1851).

One of the wonders of the modern world—the Crystal Palace Exhibition in which

all the nations of the civilized world exhibited their achievements in the arts and

sciences—presented in an equally important illustrated catalogue. More than 1700

items pictured with accompanying text—ceramics, textiles, cast-iron work, carpets,

pianos, sleds, razors, wall-papers, billiard tables, beehives, silverware and hundreds

of other artifacts—represent the focal point of Victorian culture in the Western

World. Probably the largest collection of Victorian decorative art ever assembled

—

indispensable for antiquarians and designers. Unabridged republication of the

Art-Journal Catalogue of the Great Exhibition of 1851, with all terminal essays.

New introduction by John Gloag, F.S.A. xxxiv + 426pp. 9x12.
22503-8 Paperbound $5.00
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A History of Costume, Carl Kohler. Definitive history, based on surviving pieces

of clothing primarily, and paintings, statues, etc. secondarily. Highly readable text,

supplemented by 594 illustrations of costumes of the ancient Mediterranean peoples,

Greece and Rome, the Teutonic prehistoric period; costumes of the Middle Ages,

Renaissance, Baroque, 18th and 19th centuries. Clear, measured patterns are pro-

vided for many clothing articles. Approach is practical throughout. Enlarged by

Emma von Sichart. 464pp. 21030-8 Paperbound $3.50

Oriental Rugs, Antique and Modern, Walter A. Hawley. A complete and

authoritative treatise on the Oriental rug—where they are made, by whom and how,

designs and symbols, characteristics in detail of the six major groups, how to dis-

tinguish them and how to buy them. Detailed technical data is provided on periods,

weaves, warps, wefts, textures, sides, ends and knots, although no technical back-

ground is required for an understanding. 11 color plates, 80 halftones, 4 maps,

vi + 320pp. 6V8 x 9V&. 22366-3 Paperbound $5.00

Ten Books on Architecture, Vitruvius. By any standards the most important

book on architecture ever written. Early Roman discussion of aesthetics of building,

construction methods, orders, sites, and every other aspect of architecture has in-

spired, instructed architecture for about 2,000 years. Stands behind Palladio,

Michelangelo, Bramante, Wren, countless others. Definitive Morris H. Morgan

translation. 68 illustrations, xii + 331pp. 20645-9 Paperbound $3.00

The Four Books of Architecture, Andrea Palladio. Translated into every

major Western European language in the two centuries following its publication in

1570, this has been one of the most influential books in the history of architecture.

Complete reprint of the 1738 Isaac Ware edition. New introduction by Adolf

Placzek, Columbia Univ. 216 plates, xxii + 110pp. of text. 9V2 x 12%.
21308-0 Clothbound $12.50

Sticks and Stones: A Study of American Architecture and Civilization,

Lewis Mumford.One of the great classics of American cultural history. American

architecture from the medieval-inspired earliest forms to the early 20th century;

evolution of structure and style, and reciprocal influences on environment. 21 photo-

graphic illustrations. 238pp. 20202-X Paperbound $2.00

The American Builder's Companion, Asher Benjamin. The most widely used

early 19th century architectural style and source book, for colonial up into Greek

Revival periods. Extensive development of geometry of carpentering, construction

of sashes, frames, doors, stairs
;
plans and elevations of domestic and other buildings.

Hundreds of thousands of houses were built according to this book, now invaluable

to historians, architects, restorers, etc. 1827 edition. 59 plates. 114pp. 7% x 10%-
22236-5 Paperbound $3.50

Dutch Houses in the Hudson Valley Before 1776, Helen Wilkinson Rey-

nolds. The standard survey of the Dutch colonial house and outbuildings, with con-

structional features, decoration, and local history associated with individual home-

steads. Introduction by Franklin D. Roosevelt. Map. 150 illustrations. 469pp.

65/s x 9 lA- 21469-9 Paperbound $5.00
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The Architecture of Country Houses, Andrew J. Downing. Together with

Vaux's Villas and Cottages this is the basic book for Hudson River Gothic architec-

ture of the middle Victorian period. Full, sound discussions of general aspects of

housing, architecture, style, decoration, furnishing, together with scores of detailed

house plans, illustrations of specific buildings, accompanied by full text. Perhaps

the most influential single American architectural book. 1850 edition. Introduction

by J. Stewart Johnson. 321 figures, 34 architectural designs, xvi + 560pp.

22003-6 Paperbound $4.00

Lost Examples of Colonial Architecture, John Mead Howells. Full-page

photographs of buildings that have disappeared or been so altered as to be denatured,

including many designed by major early American architects. 245 plates, xvii +
248pp. 7%xl0}4. 21143-6 Paperbound $3.50

Domestic Architecture of the American Colonies and of the Early
Republic, Fiske Kimball. Foremost architect and restorer of Williamsburg and

Monticello covers nearly 200 homes between 1620-1825. Architectural details, con-

struction, style features, special fixtures, floor plans, etc. Generally considered finest

work in its area. 219 illustrations of houses, doorways, windows, capital mantels,

xx -f 314pp. 7% x 10%. 21743-4 Paperbound $4.00

Early American Rooms: 1650-1858, edited by Russell Hawes Kettell. Tour of 12

rooms, each representative of a different era in American history and each furnished,

decorated, designed and occupied in the style of the era. 72 plans and elevations,

8-page color section, etc., show fabrics, wall papers, arrangements, etc. Full de-

scriptive text, xvii -f 200pp. of text. 8% x 11%.
21633-0 Paperbound $5.00

The Fitzwilliam Virginal Book, edited by J. Fuller Maitland and W. B. Squire.

Full modern printing of famous early 17th-century ms. volume of 300 works by

Morley, Byrd, Bull, Gibbons, etc. For piano or other modern keyboard instrument;

easy to read format, xxxvi + 938pp. 8% x 11.

21068-5, 21069-3 Two volumes, Paperbound$ 10.00

Keyboard Music, Johann Sebastian Bach. Bach Gesellschaft edition. A rich

selection of Bach's masterpieces for the harpsichord: the six English Suites, six

French Suites, the six Partitas (Clavierubung part I), the Goldberg Variations

(Clavierubung part IV), the fifteen Two-Part Inventions and the fifteen Three-Part

Sinfonias. CJearly reproduced on large sheets with ample margins; eminently play-

able, vi -f 312pp. 8i/
8 x 11. 22360-4 Paperbound $5.00

The Music of Bach: An Introduction, Charles Sanford Terry. A fine, non-

technical introduction to Bach's music, both instrumental and vocal. Covers organ

music, chamber music, passion music, other types. Analyzes themes, developments,

innovations, x + 114pp. 21075-8 Paperbound $1.50

Beethoven and His Nine Symphonies, Sir George Grove. Noted British musi-

cologist provides best history, analysis, commentary on symphonies. Very thorough,

rigorously accurate; necessary to both advanced student and amateur music lover.

436 musical passages, vii + 407 pp. 20334-4 Paperbound $2.75
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Johann Sebastian Bach, Philipp Spitta. One of the great classics of musicology,

this definitive analysis of Bach's music (and life) has never been surpassed. Lucid,

nontechnical analyses of hundreds of pieces (30 pages devoted to St. Matthew Pas-

sion, 26 to B Minor Mass). Also includes major analysis of 18th-century music.

450 musical examples. 40-page musical supplement. Total of xx -J- 1799pp.
(EUK) 22278-0, 22279-9 Two volumes, Clothbound $17.50

Mozart and His Piano Concertos, Cuthbert Girdlestone. The only full-length

study of an important area of Mozart's creativity. Provides detailed analyses of all

23 concertos, traces inspirational sources. 417 musical examples. Second edition.

509pp. 21271-8 Paperbound $3.50

The Perfect Wagnerite: A Commentary on the Niblung's Ring, George
Bernard Shaw. Brilliant and still relevant criticism in remarkable essays on
Wagner's Ring cycle, Shaw's ideas on political and social ideology behind the

plots, role of Leitmotifs, vocal requisites, etc. Prefaces, xxi + 136pp.

(USO) 21707-8 Paperbound $1.75

Don Giovanni, W. A. Mozart. Complete libretto, modern English translation;

biographies of composer and librettist; accounts of early performances and critical

reaction. Lavishly illustrated. All the material you need to understand and
appreciate this great work. Dover Opera Guide and Libretto Series; translated

and introduced by Ellen Bleiler. 92 illustrations. 209pp.

21134-7 Paperbound $2.00

Basic Electricity, U. S. Bureau of Naval Personel. Originally a training course,

best non-technical coverage of basic theory of electricity and its applications. Funda-
mental concepts, batteries, circuits, conductors and wiring techniques, AC and DC,
inductance and capacitance, generators, motors, transformers, magnetic amplifiers,

synchros, servomechanisms, etc. Also covers blue-prints, electrical diagrams, etc.

Many questions, with answers. 349 illustrations, x + 448pp. 6 J/^ x 9y4 .

20973-3 Paperbound $3.50

Reproduction of Sound, Edgar Villchur. Thorough coverage for laymen of

high fidelity systems, reproducing systems in general, needles, amplifiers, preamps,

loudspeakers, feedback, explaining physical background. "A rare talent for making

technicalities vividly comprehensible," R. Darrell, High Fidelity. 69 figures,

iv + 92pp. 21515-6 Paperbound $1.35

Hear Me Talkin' to Ya: The Story of Jazz as Told by the Men Who
Made It, Nat Shapiro and Nat Hentoff . Louis Armstrong, Fats Waller, Jo Jones,

Clarence Williams, Billy Holiday, Duke Ellington, Jelly Roll Morton and dozens

of other jazz greats tell how it was in Chicago's South Side, New Orleans, depres-

sion Harlem and the modern West Coast as jazz was born and grew, xvi + 429pp.
21726-4 Paperbound $3.00

Fables of Aesop, translated by Sir Roger L'Estrange. A reproduction of the very

rare 1931 Paris edition; a selection of the most interesting fables, together with 50

imaginative drawings by Alexander Calder. v -f- 128pp. 61/2x9^4 •

21780-9 Paperbound $1.50
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Against the Grain (A Rebours), Joris K. Huysmans. Filled with weird images,

evidences of a bizarre imagination, exotic experiments with hallucinatory drugs,

rich tastes and smells and the diversions of its sybarite hero Due Jean des Esseintes,

this classic novel pushed 19th-century literary decadence to its limits. Full un-

abridged edition. Do not confuse this with abridged editions generally sold. Intro-

duction by Havelock Ellis, xlix + 206pp. 22190-3 Paperbound $2.50

Variorum Shakespeare: Hamlet. Edited by Horace H. Furness; a landmark
of American scholarship. Exhaustive footnotes and appendices treat all doubtful
words and phrases, as well as suggested critical emendations throughout the play's

history. First volume contains editor's own text, collated with all Quartos and
Folios. Second volume contains full first Quarto, translations of Shakespeare's
sources ( Belieforest, and Saxo Grammaticus ) , Der Bestrafte Brudermord, and many
essays on critical and historical points of interest by major authorities of past and
present. Includes details of staging and costuming over the years. By far the
best edition available for serious students of Shakespeare. Total of xx + 905pp.

21004-9, 21005-7, 2 volumes, Paperbound $7.00

A Life of William Shakespeare, Sir Sidney Lee. This is the standard life of

Shakespeare, summarizing everything known about Shakespeare and his plays.

Incredibly rich in material, broad in coverage, clear and judicious, it has served

thousands as the best introduction to Shakespeare. 1931 edition. 9 plates.

xxix + 792pp. 21967-4 Paperbound $4.50

Masters of the Drama, John Gassner. Most comprehensive history of the drama
in print, covering every tradition from Greeks to modern Europe and America,
including India, Far East, etc. Covers more than 800 dramatists, 2000 plays, with
biographical material, plot summaries, theatre history, criticism, etc. "Best of its

kind in English," New Republic. 77 illustrations, xxii -f 890pp.
20100-7 Clothbound $10.00

The Evolution of the English Language, George McKnight. The growth
of English, from the 14th century to the present. Unusual, non-technical account
presents basic information in very interesting form: sound shifts, change in grammar
and syntax, vocabulary growth, similar topics. Abundantly illustratec'tfwith quota-
tions. Formerly Modem English in the Making, xii -f 590pp.

21932-1 Paperbound $4.00

An Etymological Dictionary of Modern English, Ernest Weekley. Fullest,

richest work of its sort, by foremost British lexicographer. Detailed word histories,

including many colloquial and archaic words; extensive quotations. Do not con-

fuse this with the Concise Etymological Dictionary, which is much abridged. Total
of xxvii + 830pp. 6y2 x 9Vi-

21873-2, 21874-0 Two volumes, Paperbound $7.90

Flatland: A Romance of Many Dimensions, E. A. Abbott. Classic of

science-fiction explores ramifications of life in a two-dimensional world, and what
happens when a three-dimensional being intrudes. Amusing reading, but also use-

ful as introduction to thought about hyperspace. Introduction by Banesh Hoffmann.
16 illustrations, xx -f- 103pp. 20001-9 Paperbound $1.25
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Poems of Anne Bradstreet, edited with an introduction by Robert Hutchinson.

A new selection of poems by America's first poet and perhaps the first significant

woman poet in the English language. 48 poems display her development in works

of considerable variety—love poems, domestic poems, religious meditations, formal

elegies, "quaternions," etc. Notes, bibliography, viii + 222pp.

22160-1 Paperbound $2.50

Three Gothic Novels: The Castle of Otranto by Horace Walpole;
Vathek by William Beckford ; The Vampyre by John Polidori, with Frag-

ment of A Novel by Lord Byron, edited by E. F. Bleiler. The first Gothic

novel, by Walpole; the finest Oriental tale in English, by Beckford; powerful

Romantic supernatural story in versions by Polidori and Byron. All extremely

important in history of literature; all still exciting, packed with supernatural

thrills, ghosts, haunted castles, magic, etc. xl + 291pp.

21232-7 Paperbound $2.50

The Best Tales of Hoffmann, E. T. A. Hoffmann. 10 of Hoffmann's most

important stories, in modern re-editings of standard translations: Nutcracker and

the King of Mice, Signor Formica, Automata, The Sandman, Rath Krespel, The

Golden Flowerpot, Master Martin the Cooper, The Mines of Falun, The King's

Betrothed, A New Year's Eve Adventure. 7 illustrations by Hoffmann. Edited

by E. F. Bleiler. xxxix + 419pp. 21793-0 Paperbound $3.00

Ghost and Horror Stories of Ambrose Bierce, Ambrose Bierce. 23 strikingly

modern stories of the horrors latent in the human mind: The Eyes of the Panther,

The Damned Thing, An Occurrence at Owl Creek Bridge, An Inhabitant of Carcosa,

etc., plus the dream-essay, Visions of the Night. Edited by E. F. Bleiler. xxii

+ 199pp. 20767-6 Paperbound $1.50

Best Ghost Stories of J. S. LeFanu, J. Sheridan LeFanu. Finest stories by

Victorian master often considered greatest supernatural writer of all. Carmilla,

Green Tea, The Haunted Baronet, The Familiar, and 12 others. Most never before

available in the U. S. A. Edited by E. F. Bleiler. 8 illustrations from Victorian

publications, xvii + 467pp. 20415-4 Paperbound $3.00

Mathematical Foundations of Information Theory, A. I. Khinchin. Com-
prehensive introduction to work of Shannon, McMillan, Feinstein and Khinchin,

placing these investigations on a rigorous mathematical basis. Covers entropy

concept in probability theory, uniqueness theorem, Shannon's inequality, ergodic

sources, the E property, martingale concept, noise, Feinstein' s fundamental lemma,

Shanon's first and second theorems. Translated by R. A. Silverman and M. D.
Friedman, iii + 120pp. 60434-9 Paperbound $2.00

Seven Science Fiction Novels, H. G. Wells. The standard collection of the

great novels. Complete, unabridged. First Men in the Moon, Island of Dr. Moreau,

War of the Worlds, Food of the Gods, Invisible Man, Time Machine, In the Days

of the Comet. Not only science fiction fans, but every educated person owes it to

himself to read these novels. 1015pp. (USO) 20264-X Clothbound $6.00
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Last and First Men and Star Maker, Two Science Fiction Novels, Olaf
Stapledon. Greatest future histories in science fiction. In the first, human intelli-

gence is the "hero," through strange paths of evolution, interplanetary invasions,

incredible technologies, near extinctions and reemergences. Star Maker describes the

quest of a band of star rovers for intelligence itself, through time and space: weird
inhuman civilizations, crustacean minds, symbiotic worlds, etc. Complete, un-
abridged, v + 438pp. (USO) 21962-3 Paperbound $2.50

Three Prophetic Novels, H. G. Wells. Stages of a consistently planned future
for mankind. When the Sleeper Wakes, and A Story of the Days to Come, anticipate
Brave New World and 1984, in the 21st Century; The Time Machine, only com-
plete version in print, shows farther future and the end of mankind. All show
Wells's greatest gifts as storyteller and novelist. Edited by E. F. Bleiler. x
+ 335pp. (USO) 20605-X Paperbound $2.50

The Devil's Dictionary, Ambrose Bierce. America's own Oscar Wilde-
Ambrose Bierce—offers his barbed iconoclastic wisdom in over 1,000 definitions

hailed by H. L. Mencken as "some of the most gorgeous witticisms in the English
language." 145pp. 20487-1 Paperbound $1.25

Max and Moritz, Wilhelm Busch. Great children's classic, father of comic
strip, of two bad boys, Max and Moritz. Also Ker and Plunk (Plisch und Plumm),
Cat and Mouse, Deceitful Henry, Ice-Peter, The Boy and the Pipe, and five other
pieces. Original German, with English translation. Edited by H. Arthur Klein;
translations by various hands and H. Arthur Klein, vi + 216pp.

20181-3 Paperbound $2.00

Pigs is Pigs and Other Favorites, Ellis Parker Butler. The title story is one
of the best humor short stories, as Mike Flannery obfuscates biology and English.
Also included, That Pup of Murchison's, The Great American Pie Company, and
Perkins of Portland. 14 illustrations, v-f 109pp. 21532-6 Paperbound $1.25

The Peterkin Papers, Lucretia P. Hale. It takes genius to be as stupidly mad as

the Peterkins, as they decide to become wise, celebrate the "Fourth," keep a cow,
and otherwise strain the resources of the Lady from Philadelphia. Basic book of
American humor. 153 illustrations. 219pp. 20794-3 Paperbound $2.00

Perrault's Fairy Tales, translated by A. E. Johnson and S. R. Littlewood, with

34 full-page illustrations by Gustave Dore. All the original Perrault stories

—

Cinderella, Sleeping Beauty, Bluebeard, Little Red Riding Hood, Puss in Boots, Tom
Thumb, etc.—with their witty verse morals and the magnificent illustrations of

Dore. One of the five or six great books of European fairy tales, viii + 117pp.

8% x 11. 22311-6 Paperbound $2.00

Old Hungarian Fairy Tales, Baroness Orczy. Favorites translated and adapted
by author of the Scarlet Pimpernel. Eight fairy tales include "The Suitors of Princess
Fire-Fly," "The Twin Hunchbacks," "Mr. Cuttlefish's Love Story," and "The
Enchanted Cat." This little volume of magic and adventure will captivate children
as it has for generations. 90 drawings by Montagu Barstow. 96pp.

(USO) 22293-4 Paperbound $1.95
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The Red Fairy Book, Andrew Lang. Lang's color fairy books have long been

children's favorites. This volume includes Rapunzel, Jack and the Bean-stalk and

35 other stories, familiar and unfamiliar. 4 plates, 93 illustrations x + 367pp.
21673-X Paperbound $2.50

The Blue Fairy Book, Andrew Lang. Lang's tales come from all countries and all

times. Here are 37 tales from Grimm, the Arabian Nights, Greek Mythology, and

other fascinating sources. 8 plates, 130 illustrations, xi + 390pp.

21437-0 Paperbound $2.75

Household Stories by the Brothers Grimm. Classic English-language edition

of the well-known tales — Rumpelstiltskin, Snow White, Hansel and Gretel, The
Twelve Brothers, Faithful John, Rapunzel, Tom Thumb (52 stories in all) . Trans-

lated into simple, straightforward English by Lucy Crane. Ornamented with head-

pieces, vignettes, elaborate decorative initials and a dozen full-page illustrations by
Walter Crane, x + 269pp. 21080-4 Paperbound $2.00

The Merry Adventures of Robin Hood, Howard Pyle. The finest modern ver-

sions of the traditional ballads and tales about the great English outlaw. Howard
Pyle's complete prose version, with every word, every illustration of the first edition.

Do not confuse this facsimile of the original (1883) with modern editions that

change text or illustrations. 23 plates plus many page decorations, xxii + 296pp.
22043-5 Paperbound $2.75

The Story of King Arthur and His Knights, Howard Pyle. The finest chil-

dren's version of the life of King Arthur; brilliantly retold by Pyle, with 48 of his

most imaginative illustrations, xviii + 313pp. 6l/8 x 91/4.

21445-1 Paperbound $2.50

The Wonderful Wizard of Oz, L. Frank Baum. America's finest children's

book in facsimile of first edition with all Denslow illustrations in full color. The
edition a child should have. Introduction by Martin Gardner. 23 color plates,

scores of drawings, iv + 267pp. 20691-2 Paperbound $2.50

The Marvelous Land of Oz, L. Frank Baum. The second Oz book, every bit as

imaginative as the Wizard. The hero is a boy named Tip, but the Scarecrow and the

Tin Woodman are back, as is the Oz magic. 16 color plates, 120 drawings by John
R. Neill. 287pp. 20692-0 Paperbound $2.50

The Magical Monarch of Mo, L. Frank Baum. Remarkable adventures in a land

even stranger than Oz. The best of Baum's books not in the Oz series. 15 color

plates and dozens of drawings by Frank Verbeck. xviii + 237pp.
21892-9 Paperbound $2.25

The Bad Child's Book of Beasts, More Beasts for Worse Children, A
Moral Alphabet, Hilaire Belloc. Three complete humor classics in one volume.

Be kind to the frog, and do not call him names . . . and 28 other whimsical animals.

Familiar favorites and some not so well known. Illustrated by Basil Blackwell.

156pp. (USO) 20749-8 Paperbound $1.50
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East O' the Sun and West O' the Moon, George W. Dasent. Considered the

best of all translations of these Norwegian folk tales, this collection has been enjoyed

by generations of children (and folklorists too) . Includes True and Untrue, Why the

Sea is Salt, East O' the Sun and West O' the Moon, Why the Bear is Stumpy-Tailed,

Boots and the Troll, The Cock and the Hen, Rich Peter the Pedlar, and 52 more.

The only edition with all 59 tales. 77 illustrations by Erik Werenskiold and Theodor
Kittelsen. xv + 418pp. 22521-6 Paperbound $3.50

Goops and How to be Them, Gelett Burgess. Classic of tongue-in-cheek humor,
masquerading as etiquette book. 87 verses, twice as many cartoons, show mis-

chievous Goops as they demonstrate to children virtues of table manners, neatness,

courtesy, etc. Favorite for generations, viii + 88pp. 6y2 x 9I/4.

22233-0 Paperbound $1.50

Alice's Adventures Under Ground, Lewis Carroll. The first version, quite

different from the final Alice in Wonderland, printed out by Carroll himself with
his own illustrations. Complete facsimile of the "million dollar" manuscript Carroll

gave to Alice Liddell in 1864. Introduction by Martin Gardner, viii + 96pp. Title

and dedication pages in color. 21482-6 Paperbound $1.25

The Brownies, Their Book, Palmer Cox. Small as mice, cunning as foxes, exu-

berant and full of mischief, the Brownies go to the 200, toy shop, seashore, circus,

etc., in 24 verse adventures and 266 illustrations. Long a favorite, since their first

appearance in St. Nicholas Magazine, xi + 144pp. 6% x 9I/4.

21265-3 Paperbound $1.75

Songs of Childhood, Walter De La Mare. Published (under the pseudonym
Walter Ramal) when De La Mare was only 29, this charming collection has long

been a favorite children's book. A facsimile of the first edition in paper, the 47 poems
capture the simplicity of the nursery rhyme and the ballad, including such lyrics as

I Met Eve, Tartary, The Silver Penny, vii + 106pp. (USO) 21972-0 Paperbound
$2.00

The Complete Nonsense of Edward Lear, Edward Lear. The finest 19th-century

humorist-cartoonist in full: all nonsense limericks, zany alphabets, Owl and Pussy-

cat, songs, nonsense botany, and more than 500 illustrations by Lear himself. Edited

by Holbrook Jackson, xxix + 287pp. (USO) 20167-8 Paperbound $2.00

Billy Whiskers: The Autobiography of a Goat, Frances Trego Montgomery.

A favorite of children since the early 20th century, here are the escapades of that

rambunctious, irresistible and mischievous goat—Billy Whiskers. Much in the

spirit of Peck's Bad Boy, this is a book that children never tire of reading or hearing.

All the original familiar illustrations by W. H. Fry are included: 6 color plates,

18 black and white drawings. 159pp. 22345-0 Paperbound $2.00

Mother Goose Melodies. Faithful republication of the fabulously rare Munroe
and Francis "copyright 1833" Boston edition—the most important Mother Goose
collection, usually referred to as the "original." Familiar rhymes plus many rare

ones, with wonderful old woodcut illustrations. Edited by E. F. Bleiler. 128pp.

4y2 x6Y8 . 22577-1 Paperbound $1.00
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Two Little Savages; Being the Adventures of Two Boys Who Lived as

Indians and What They Learned, Ernest Thompson Seton. Great classic of

nature and boyhood provides a vast range of woodlore in most palatable form, a

genuinely entertaining story. Two farm boys build a teepee in woods and live in it

for a month, working out Indian solutions to living problems, star lore, birds and

animals, plants, etc. 293 illustrations, vii + 286pp.

20985-7 Paperbound $2.50

Peter Piper's Practical Principles of Plain & Perfect Pronunciation.

Alliterative jingles and tongue-twisters of surprising charm, that made their first

appearance in America about 1830. Republished in full with the spirited woodcut

illustrations from this earliest American edition. 32pp. 4*/2 x 6%.
22560-7 Paperbound $1.00

Science Experiments and Amusements for Children, Charles Vivian. 73 easy

experiments, requiring only materials found at home or easily available, such as

candles, coins, steel wool, etc.; illustrate basic phenomena like vacuum, simple

chemical reaction, etc. All safe. Modern, well-planned. Formerly Science Games

for Children. 102 photos, numerous drawings. 96pp. 6l/8 x 9Vi-
21856-2 Paperbound $1.25

An Introduction to Chess Moves and Tactics Simply Explained, Leonard

Barden. Informal intermediate introduction, quite strong in explaining reasons for

moves. Covers basic material, tactics, important openings, traps, positional play in

middle game, end game. Attempts to isolate patterns and recurrent configurations.

Formerly Chess. 58 figures. 102pp. (USO) 21210-6 Paperbound $1.25

Lasker's Manual of Chess, Dr. Emanuel Lasker. Lasker was not only one of the

five great World Champions, he was also one of the ablest expositors, theorists, and

analysts. In many ways, his Manual, permeated with his philosophy of battle, filled

with keen insights, is one of the greatest works ever written on chess. Filled with

analy2ed games by the great players. A single-volume library that will profit almost

any chess player, beginner or master. 308 diagrams, xli X 349pp.
20640-8 Paperbound $2.75

The Master Book of Mathematical Recreations, Fred Schuh. In opinion of

many the finest work ever prepared on mathematical puzzles, stunts, recreations;

exhaustively thorough explanations of mathematics involved, analysis of effects,

citation of puzzles and games. Mathematics involved is elementary. Translated bv

F. Gobel. 194 figures, xxiv + 430pp. 22134-2 Paperbound $3.50

Mathematics, Magic and Mystery, Martin Gardner. Puzzle editor for Scientific

American explains mathematics behind various mystifying tricks: card tricks, stage

"mind reading," coin and match tricks, counting out games, geometric dissections,

etc. Probability sets, theory of numbers clearly explained. Also provides more than

400 tricks, guaranteed to work, that you can do. 135 illustrations, xii -f- 176pp.

20335-2 Paperbound $1.75
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Mathematical Puzzles for Beginners and Enthusiasts, Geoffrey Mott-Smith.

189 puzzles from easy to difficult—involving arithmetic, logic, algebra, properties

of digits, probability, etc.—for enjoyment and mental stimulus. Explanation of

mathematical principles behind the puzzles. 135 illustrations, viii + 248pp.

20198-8 Paperbound $1.75

Paper Folding for Beginners, William D. Murray and Francis J. Rigney. Easiest

book on the market, clearest instructions on making interesting, beautiful origami.

Sail boats, cups, roosters, frogs that move legs, bonbon boxes, standing birds, etc.

40 projects; more than 275 diagrams and photographs. 94pp.
20713-7 Paperbound $1.00

Tricks and Games on the Pool Table, Fred Herrmann. 79 tricks and games

—

some solitaires, some for two or more players, some competitive games—to entertain

you between formal games. Mystifying shots and throws, unusual caroms, tricks

involving such props as cork, coins, a hat, etc. Formerly Fun on the Pool Table.

11 figures. 95pp. 21814-7 Paperbound $1.25

Hand Shadows to be Thrown Upon the Wall: A Series of Novel and
Amusing Figures Formed by the Hand, Henry Bursill. Delightful picturebook

from great-grandfather's day shows how to make 18 different hand shadows: a bird

that flies, duck that quacks, dog that wags his tail, camel, goose, deer, boy, turtle,

etc. Only book of its sort, vi + 33pp. 6 l/2 * VXA- 21119-5 Paperbound $1.00

Whittling and Woodcarving, E. J. Tangerman. 18th printing of best book on
market. "If you can cut a potato you can carve" toys and puzzles, chains, chessmen,

caricatures, masks, frames, woodcut blocks, surface patterns, much more. Information

on tools, woods, techniques. Also goes into serious wood sculpture from Middle
Ages to present, East and West. 464 photos, figures, x + 293pp.

20965-2 Paperbound $2.00

History of Philosophy, Julian Marias. Possibly the clearest, most easily followed,

best planned, most useful one-volume history of philosophy on the market ; neither

skimpy nor overfull. Full details on system of every major philosopher and dozens

of less important thinkers from pre-Socratics up to Existentialism and later. Strong

on many European figures usually omitted. Has gone through dozens of editions in

Europe. 1966 edition, translated by Stanley Appelbaum and Clarence Strowbridge.

xviii + 505pp. 21739-6 Paperbound $3.50

Yoga: A Scientific Evaluation, Kovoor T. Behanan. Scientific but non-technical

study of physiological results of yoga exercises; done under auspices of Yale U.
Relations to Indian thought, to psychoanalysis, etc. 16 photos, xxiii + 270pp.

20505-3 Paperbound $2.50

Prices subject to change without notice.

Available at your book dealer or write for free catalogue to Dept. GI, Dover
Publications, Inc., 180 Varick St., N. Y., N. Y. 10014. Dover publishes more than

150 books each year on science, elementary and advanced mathematics, biology,

music, art, literary history, social sciences and other areas.
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On the Sensations of Tone, Hermann von Helmholtz.

(60753-4) $6.00

Electric Waves, Being Researches on the Propagation of

Electric Action with Finite Velocity Through Space,

Heinrich Hertz. (60057-2) $3.00

The Strange Story of the Quantum, Banesh Hoffmann.

(20518-5) $3.00

Art and Geometry: A Study in Space Intuitions, William

M. Ivins, Jr. (20941-5) $2.00

Selected Papers on Frequency Modulation, edited by Jacob

Klapper. (62136-7) $7.50

Hermann von Helmholtz, Leo Koenigsberger. (21517-2)

$4.00

The Development of High Energy Accelerators, edited by

M. Stanley Livingston. (61662-2) $3.00

Pioneers of Science and the Development of Their Scien-

tific Theories, Sir Oliver Lodge. (20716-1) $3.00

The Analysis of Sensations, and the Relation of the Phy-

sical to the Psychical, Ernst Mach. (60525-6) $3.50

Paperbound unless otherwise indicated. Prices subject to change

without notice. Available at your book dealer or write for free

catalogues to Dept. TF4, Dover Publications, Inc., 180 Varick

Street, New York, N. Y. 10014. Please indicate your field of

interest. Each year Dover publishes over 200 classical records

and books in music, fine art, science, mathematics, languages,

philosophy, chess, puzzles, literature, nature, anthropology,

antiques, history, folklore, art instruction, adventure, and other

areas- Manufactured in the U.S.A.



THE GEOMETRY
OF RENE DESCARTES
This is an unabridged republication of the definitive English trans-

lation of one of the very greatest classics of science. Originally pub-

lished in 1G37, it lias been characterized as "the greatest single step

ever made in the progress of the exact sciences'
h

(John Smart Mill);

as a bonk which "remade geometry and made modern geometry

possible" (Eric Temple Bell). It "revolutionized the entire concep-

tion of the object of mathematical science" (J.
Hadainartl).

With this volume Descartes founded modern analytical geometry.

Reducing geometry to algebra and analysis and, conversely, showing

that analysis may be translated into geometry, it opened the way for

modern in at hematics. Descartes was the first to classify curves sys-

tematically and to demonstrate algebraic solution of geometric

curves. His geometric interpretation of negative quantities led to

later concepts of continuity and the theory of function. The third

book contains important contributions to the theory of equations.

This edition contains the entire definitive Smith-Latham translation

of Descartes' three hooks: Problems the Construction of which Re-

quires Only Straight Lines and Circles; On the Nature of Curved

Lines; On the Construction of Solid and Supersolid Problems. Inter-

leaved page by page with the translation is a complete facsimile of

the 1637 French text, together with all Descartes' original illustra-

tions; 24ft footnotes explain the text and add further bibliography.

Translated by David F. Smith and Marcia L. Latham. Preface. Index.

50 figures, xiii -f 244pp, &%»§. 6G8S&-H Paperbuund

A DOVKR EDITION DESIGN ED FOR YEARS OF USE!

We have made every effort to make this the best book possible

Our paper is opaque, with minimal show -through; it will not. dis-

color or become brittle with age. Pages arc sewn in signatures, in

the method traditionally used for the best books, and will not drop

out, as often happens with paperbacks held logetber with glue.

Hooks open Hal for easy reference. The binding will not crack or

split. This is a permanent hook.


